HIGHER RANK POLYHEDRAL GEOMETRY I:. GENERAL THEORY

HERNAN IRIARTE

ABSTRACT. With the aim of starting a systematic development of higher rank tropi-
cal geometry, we develop a theory of higher rank polyhedral geometry over the ordered
ring of generalized dual numbers D := R[e]/(e*). We generalize several classical results
to this context, including, but not limited to, Fourier-Motzkin Elimination, Farkas’
Lemma, the Minkowski-Weyl decomposition and the basic results on the duality the-
ory of cones and the theory of normal fans of polyhedra.

We use this theory to endow tropical hypersurfaces of higher rank with the struc-
ture of a polyhedral complex over D. As a first application, we show how tropical
hypersurfaces of higher rank are dual to layered regular subdivision of their Newton
polytope. This answers a question of Joswig and Smith. This duality is obtained
naturally from the duality machinery for polyhedra over D developed in the article.
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In the following we will work with the ring of generalized dual numbers of rank k

defined by D = Rle]/(").

Elements of D have the form

(1.1)

Date: Draft of October 10, 2024.

For k = 2 it recovers the usual ring of dual numbers.
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with (@, ... 2(*~1) € R. They are manipulated as usual power series with coefficients
in R imposing that € = 0, in the same way as one works with Taylor expansions of the
form ag 4 a1z + - - + ap_12" 71 + o(zF~1). If the rank of D has to be made explicit, we
use a lower index Dy,.

For an element z € D as in (1.1) and for 0 < ¢ < k — 1, we use the notation

Moreover, we introduce the order of x by ord(x) :== min{j € {0,...,k — 1} | 29 # 0}
if z # 0 and ord(0) = k.

Notice that I is isomorphic to R¥ as an additive group. We endow D with the
lexicographic order
(1.2) a® 4 ea® 4.4 F g < pO) 4 gy oy F TR
(1.3) —  a < b for the first i such that a® = b,

In this way, we obtain an order on D that we simply denote by <. This order turns
out to be compatible with the additive and multiplicative structure of D turning it into
an ordered ring.

Remark 1.1. The following observation is useful and will be used sometimes in the
arguments. Given a,b € D, we have a < b with the lexicographic order introduced in
(1.2) iff we have

a® 1+ 50 1o gD < O 4osp) Ly R 1p(k-1)
for every § € Ry small enough.

Given a lattice N = Z" with dual lattice M = Hom(N,Z) we consider the base
changes Np = N ® D and Mp = M ® D. The pairing M ® N — Z naturally extends to
a pairing Mp ® Np — D which we denote by (-, -).

Remark 1.2. Under the pairing (-, -), the D-linear functions from Np to D correspond
exactly to the elements of Mp. For this reason, we decide to write y instead of (y,-)
when there is no risk of confusion. More generally, the affine functions from Np to D
are all of the form (y,-) + a for some y € Mp and a € D.

Using the ordered ring structure on D we can introduce several geometric concepts
over the module Np.

Definition 1.3.
(1) A set P C Np is convez if for any x,y € P and any ¢ € D) such that 0 <¢ <1,
we have

tr+ (1 —1t)y € P.
(2) A set 0 C Np is a cone if for any z,y € o and any t € D>, we have
trcoandz+y € o.

Notice that, by definition, every cone in this document is convex. As an example of
how to work with this ring, we will show that for subsets of the ordered ring D, the
notion of convexity agrees with its counterpart from order theory.
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Proposition 1.4. A set C C D is convez iff it has the following property:
(%) For each x,y,z € D such that x <y < z and x,z € C, we have y € C.

Proof. If & < y then x <tz + (1 —t)y < y for every 0 < ¢t < 1. Hence, if C satisfies
property (x), then, for every z,y € C' we have tx+ (1 —t)y € C. Therefore C' is convex.
On the other hand, suppose that x <y < z and z,z € C. If z — z is invertible we

can consider the expression
- -
Yy = Y z 4+ (1 _¥ > .
z—x z—x

More generally, we have 0 <y —z < z — x. Hence ord(z — x) < ord(y — x), so we can
take elements a,b € D with b invertible such that

ord(z—x) ord(z—x)‘

z—x =be and y—x=uae

If we define ¢t = a/b we have 0 <t < 1 and tb = a, hence
tz+ (1 —t)x=t(z —2) + 2 = the® ™) 4 4 = qeoC=2) Lo — (y —2) 4z =y.
Therefore, y € C. g

Some elementary examples of convex sets and cones in any dimension are given by
the half-spaces which we introduce as follows.

Definition 1.5. A half-space is a subset of Np of the form
H:={zeNp|(y,z)>a}

for some y € Mp and a € D. To simplify notations, we frequently write this as H =
{y > a}. For a given subring R C D, if we can take y € Mp we say that H is R-rational.
If moreover we can take a € R we say that H is strongly R-rational. If a = 0, then H
is a half-space going through the origin.

Of special interest for us are the convex sets and cones which are defined in terms
of finitely many data. One approach to this is to represent them from outside as an
intersection of half-spaces. This leads to the following definition.

Definition 1.6.

(1) A polyhedron is a finite intersection of half-spaces. We say that a polyhedron is
R-rational (resp. strongly R-rational) for a subring R C D if we can take each
half-space in the intersection to be R-rational (resp. strongly R-rational).

(2) A polyhedral cone is a finite intersection of half-spaces going through the origin.
A polyhedral cone is R-rational for a subring R C I if we can take each half-
space in the definition to be R-rational itself.

In order to manage the data defining a polyhedron we consider the following.

Definition 1.7. Given a polyhedron P C Np, a representation of P is an equality of
the form

(1.4) P={y1>a1,...,yr > ay}.

for some y1,...,y, € Mp and aq,...,a, € D. This representation is non-redundant if
it is not possible to obtain a different representation by removing an inequality of the
form {y; > a;} from the intersection.
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If we allow ourselves to use affine functions instead of linear functions, Equation (1.4)
can be written as

P={f1>0,...,f, >0} for fi=(yi,") — a.

Proposition 1.8. Given a non-empty polyhedron with a non-redundant representation
as in (1.4). For any 1 < i < r, the function y; attains its minimum on P and this
mINIMuUM 18 a;.

Proof. Of course a; is a lower bound for the values of y; over P. We will show that this
lower bound is attained. For this consider the set

() {z€Np|(y.z)>a}.
1<j<r
J#i
This is a convex set and hence its image under (y;,-) is a convex set as well that we
denote by C' C D. As P is non-empty we have C'N[a;,00) # &, and as the representation
is non-redundant we have C' N (—o00,a;) # &. So, by Proposition 1.4 we have a; € C.
This shows that mﬁn(yi ) = a;. O

One can alternatively construct cones and convex sets from inside by means of gen-
erators as follows.

Definition 1.9. For a non-empty subset X C Np,

(1) The convex hull of X, denoted by convp(X), is the smallest convex set containing
X. Alternatively, this set equals

{iti-ri € Np

=1

,
r>1,x1,...,x, € X and t1...,t, € D>g s.t Ztizl}.
i=1
A convex set P is said to be a polytope if there is a finite set X C Np such that
convp(X) = P.
(2) The cone generated by X, also known as the cone hull of X, denoted by conep(X),
is the smallest cone containing X. Alternatively,

-
conep(X) = {thwz eNpl|lr>1,21,....,2, € X and t1...,t, € Dzo} )

i=1
A cone o is said to be finitely generated if there is a finite set X C Np such that
conep(X) = o.

Definition 1.10 (Face). Let P be a polyhedron in Np and consider an element y € Mp
such that

min(y , )

exists. Then, the face of P determined by y is the subset consisting of all elements in
P for which y attains its minimum, that is,

face, P = {a; eP ‘(y,m) = rpin(y,x’)}.

z'eP
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A face of P is a set of the form face, P for some y € Mp." We write F < P if F is a
face of P.

Remark 1.11.

(1) A linear function can be bounded below and still not attain its minimum. For

example, consider
P={zeD|ex >0}

and the linear function x — x. This function is bounded below in P but does
not attain its minimum. This phenomenon has to be kept in mind as minimizing
functions plays an important role along the theory.

(2) If o is a polyhedral cone, then y € Mp attains its minimum over o iff y is
non-negative over ¢, and in this case, the minimum has to be zero.

(3) A face of P is given by adding one equality, hence two inequalities, to the
expression defining P. Therefore, it is a polyhedron itself.

(4) If P has a representation of the form

P:{ylzalu"wy’fzar}7

then it is not true in general that all faces are obtained by adding equalities
in this expression of the form y; = a;. To obtain some faces we may have to
add equalities of the form %y; = €“a;. In other words, we not only need to
consider the locus of points € P in which (y;,x) is a minimum, but also the
locus of points € P in which the first & — k coordinates of (y;,x) coincide
with the minimum. This is a core reason why the combinatorics of faces in this
theory is more subtle and captures more information about the minimization of
functions with lexicographic values. See Proposition 2.1 for a precise statement
about this.

In order to use results about polyhedral cones over polytopes, one can go from the
perfect pairing Mp X Np — D to the extended perfect pairing defined as follows.

Definition 1.12. The extended perfect pairing is given by
(Mp xD) x (Np xD) — D
((y,a), (z,0)) — ((y,a), (2,b)) = (y, z) + ab.

In this context, a lower face (resp. upper face) of a polyhedron P C Ny x D, is a face
of the form face(, 1)(p) (resp. face(%_l)(p)) for some y € Mp.

Definition 1.13 (Face Poset). The face poset of P is the partially ordered set
S(P)={F C P | Fis a face of P} U {2}

where the order is given by the inclusion of sets. Moreover, we denote by §(P)* the
reduced face poset of P given by §(P) \ {&}.

Remark 1.14.
(1) If we consider F,G € §(P)* such that G C F, then G is a face of F. Indeed,
it G = face, P for some y € Mp then, G = face, F' for the same y. This shows
that we can replace C by < as the order relation in the definition of F(P)*.

INotice that with our definition, the empty-set is not considered to be a face. This differ with the
definitions of some authors.
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(2) In Corollary 2.3 we will see that if F' is a face of P and G is a face of F, then
G is a face of P. Therefore, §(F') C §(P) for any face F of P.

(3) Also in Corollary 2.3 we will show that a non-empty intersection of faces of P
is a face of P. This shows that §F(P) is an order lattice. That is, every pair
{F,G} C §(P) has an infimum given by F'A G := FFN G and a supremum given
by

FvG:= ﬂ H.
HeF(P)
HDFUG
We will work with more general families of polyhedra besides the set of faces of a given
polyhedron. The properties of these families are captured in the following definition.

Definition 1.15. A polyhedral complex in Np is a collection of polyhedra ¥ in Np with
the following two properties:

(1) Given F,G € X, the intersection F' N G is either empty or a face of both F' and
G.
(2) If F is a face of G, and G € ¥, then F € ¥.

The elements of 3 are called the cells or faces of ¥. Given a polyhedral complex ¥ in
Np, its support is the set
= J F <M.
Fex

If P = |¥]| is itself a polyhedron, we say that X is a subdivision of P. More generally,
if ¥ and X9 are polyhedral complexes such that, |X1] = |¥2| and for every F' € 3o
there is a G € ¥ such that /' C G. Then, Y is said to be a refinement of ¥ and we
write 31 < Y. If every face of X is a polyhedral cone, we say that X is a fan in Np.

Remark 1.16. Some basic results concerning the definitions will come naturally after
developing the theory.

(1) In Corollary 3.12 we will prove that a polyhedron that is a cone in the sense of
Definition 1.3 is a polyhedral cone.

(2) In Proposition 1.27 we prove that polytopes are polyhedra and finitely generated
cones are polyhedral cones.

(3) Conversely, in Proposition 3.2 we show that polyhedral cones are finitely gener-
ated cones. Hence, the concept of finitely generated cones and polyhedral cones
coincide.

(4) In Proposition 3.28 we obtain a criterion to determine which polyhedra are
polytopes: A polyhedron P is a polytope iff every linear function achieve its
minimum in P.

1.1. The Fibration Point of View. Notice that for positive integers ¢ < j, there is
an order preserving surjective ring morphism

D; = Rle]/(e) — D; = Re]/(¢")

given by modding out by the ideal (¢*). For a given rank k, we can fit all the projections
to the lower rank rings together in the sequence

(1.5) D:=D;y —>Dgg—---—D =R
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We propose to study this sequence, and many different sequences that can be deduced
from it, geometrically. To do this we introduce the following concept.

Definition 1.17. For a given lattice N, an iterated fibration of subsets of Ng or simply,
an iterated fibration, is a diagram of sets of the form

Tr—1

x0 s x-se T xl

where each map is surjective, X% C Ny and for each z € Xl the fiber s 1(1’) can be
identified with a subset of Ng, denoted by Xgﬂ].

In this sense, the sequence in (1.5) is an iterated fibration of subsets of R in which
each fiber is equal to R itself.

More generally, by extension of scalars, the diagram in (1.5) induce the sequence of
projections

(1.6) Np = N]D)k — N]D)k71 — = N]D)l = Np

Given a subset X C Np and an integer 0 < r < k, we define the set X"l as the image
of X under the projection to Np,. In this way, there is a sequence of projections

which allows us to regard X as an iterated fibration of subsets of Ng. Given z € X
its fiber at x is the set

X+ = {y e Ng | 2+ e’y € XU},
In order to get an idea of the objects involved, let us start with a small example.
Example 1.18. Consider k = 2, N = Z? and the polyhedral cone
o = {(x1,12) € D? | 1,25 > 0}.

Notice that in order for = (9 + e2(!) to be positive we should have either z(¥) > 0
or z(® =0 and () > 0. Therefore, if we regard o as a fibration, its base is

% = {(z1,20) € R? | 21, 25 > 0}
and the possible fibers are
R2, {(.%'1,.2172) € RQ ‘ T > O}, {(xl,xQ) S RQ ’ To > 0}, {(561,1‘2) S Rz | T1,To > 0}

depending on the position of the base-point as the following picture represents.




8 HERNAN IRIARTE

Another way to describe this fibration is as follows: The point (xgo) —|—6$§1), x;o) + anél))

belongs to o iff (:):(10), xgo)) belongs to ol% and (xgl),:):gl)) is a tangent point at (acgo),méo))
pointing inside to oVl

The example above is a special case of the notion of tangent cone bundle which we
now introduce. This object has been already defined for polyhedral cone complexes in
[AI21] where it plays a major role.

Definition 1.19. Given a set A C Nr and a point z € A we define the tangent cone
of A at z as the set TC, A of all vectors y in Ny such that = + dy € A for each § € Ryg
small enough. The tangent cone bundle of A is then the disjoint union

TCA = | |{z} x TC,A

z€EA

together with the projection TCA — A given by (zg,x1) — (20).
We can extend this definition inductively to an iterated fibration

TC"A—TC 1A — ... 5 TC'A — A,
by fixing TC'A := TCA, and for r > 1 and (zq,...,z,) € TCTA
TCrﬂ. A=TC, (TCl, 4 A

(xo '7‘777‘)

Then, we have

e A= | Ao, x)} X TCH A
(xo,...,xr)ETCTA

together with the map TC"*1A — TC" A given by (z1,...,7r41) = (T1,..., ;).

Proposition 1.20. If A C Ng is a conver set then a point (zg,...,z,) € (Ng)" !
belongs to TC" A iff

(1) For every 1 <i <r and for every 6 > 0 small enough we have
x0+5x1+--~+5ixi e A.

(2) For every 1 < i < r and for every sequence of positive numbers {5]}3:1 small
enough we have

xo+ 0121+ -+ 01 by € A.
Proof. If (zq,...,x,_1) € TC""' A then we have

(xoy...,xy) ETCTA <= x, € TCy, (TCy, ,(...(TCyA)...))
< zp_1+ 0z €TCy, (... (TCyoA)...) for 6, > 0 small

<— x9+0x1+---+01-- 0z, € Afor bq,...,0, > 0 small.

We can transform (zo,...,z,_1) € TC""1A in a similar statement, and in this way we
can show that (xg,...,z,) € TC" A is equivalent to condition (2) above. Moreover, it is
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clear than (2) implies (1) by taking §; = min{d;} for all j. To see that (1) implies (2)
take § = max{di,...,d;}, by the convexity assumption for t1,...,t; > 0 small we have
(1—ty — - —t;)xg + ty(wg + 0x1) + - + ti(wo + 0y + ... 8%y)
=xo+ (t1+ -+ )0z + - + 16"
Then, by taking ¢, +--- + ¢, = (51/(5, to+-- -+t = (5152/(52,. coyti =010 51/5Z we are
done. O

We will identify TC*~'A with a subset of Np using the map

TCF 1A — Np

Ek_l

($0,...,xk_1)>—>$0+6x1+-"+ Th—1-

In this map, ¢ is a formal variable which we regard as an infinitesimal, nonetheless
by Proposition 1.20 above we can think of xg + ez + --- 4+ ¥ 12,_; as morally lying
on A.

Remark 1.21. In Example 1.18 we can consider o = {(x1,22) € D? | 1,22 > 0} as the
extension of scalars of ol% = {(x1,22) € R? | £, 22 > 0} from R to the dual numbers
D. In this regard the equation o = TCol% should be considered as a polyhedral version
of the equality X (k[e]/(e?)) = TX(k), for a variety X over a field k, from algebraic
geometry. In Corollary 4.3 below we extend this statement to a general real polyhedron.
Moreover, in Section 14 we give another manifestation on the extension of scalars and
we discuss how the elements of T'C" A can be seen dually as tangent derivative operators.

Using Proposition 1.20 we can generalize the notion of tangent cone to flag of subsets.
Definition 1.22. Let us consider a flag of convex subsets in Np of the form
A:AgC A C---C A,

We define the tangent cone of A as the set TCA of all tuples (zg, x1,...,2,) € (Ng) !
such that xg € Ag and for each 1 < i <,

To + 0x1 + -+ 0w € A;

for each § > 0 small enough. If for 0 < i < r we denote by A|; the restriction flag given
by Ag C A; C--- C A;. Then, we have an iterated fibration

TCA=TCA|, - TCA|,_1 — --- = TCA|; — Ao.
Again, for a flag of length k& we identify TCA with a subset of Np with the map

TCA — N]D)
(.Z‘(], e ,l‘k_l) — 2o +EXL+ -+ Ek_lxk_l
Remark 1.23.
(1) For the constant flag A equals to A we recover the iterated fibration of TC" A
as TCA.

(2) The tangent cone behaves well with intersections: If A = (A4;)]_, and B =
(Bi)i_, are flags of the same length, then TCANTCB = TC(A N B), where
ANB=(A;NB;)i_,. In particular, TC"ANTC"B =TC"AN B.
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(3) The tangent cone behaves well with subdivisions: Given a flag of polyhedra
P:RhCPC---CP

consider polyhedral complexes ¥, >4, ..., >, with supports Py, Pi,..., P, re-
spectively, and such that each cell of 3; is also a cell of ;1. Then

TcP = JTCQ
Q
where the union goes over all flags

Q:QoC Q1 C--CQr
where Q; € 3; and @Q; is a face of Q;41 for each .

1.2. The Fourier-Motzkin Elimination and Farkas’ Lemma. In the following,
we will provide a generalization of the Fourier-Motzkin elimination (Theorem 1.26)
to reduce the number of variables in systems of linear inequalities. Although more
technical than its classical counterpart, this result is at the heart of the theory from
a technical standpoint. As an immediate consequence, we get that the projection of a
polyhedron is a polyhedron, which implies that both polytopes and finitely generated
cones are polyhedral. A more subtle application is Farkas’ Lemma (Theorem 1.28) on
the structure of affine functions that are positive on a given polyhedron.

Let us start with a result about the intersection of convex sets in linear orders which,
although very simple, we could not find a reference for it in the literature. As in
Proposition 1.4, given a linear order L, a subset C' C L is called order-convex if for
every x,z € C and every y € L such that x < y < z we have y € C. In the style of
Helly’s theorem, we have the next lemma.

Lemma 1.24. Consider a linear order L and o finite family of non-empty order-convex
sets {Ci}ier in L. If we have C; N Cj # @ for every i,j € I, then ();c; Ci # 9.

Proof. For each unordered pair {i,j} C I take an element z;; € C; N C; and consider
a; = minjey 25 and b; = max;er ;5. In this way, we have [a;,b;] C C; for each i € [
and a; < x;; < b for each 4, j € I. Therefore max;ecr a; < min;ey b; from where
ﬂ C; D m[ai,bi] = [maxai,min bz] 75 %)
iel icl el el
O
As the order-convex subsets of ID coincide with its convex subsets, the convex subsets
of D satisfy the Helly property above. This tells us that, to understand if an arbitrary
finite intersection of convex sets in D is non-empty, we can restrict ourselves to study
that each convex set is independently non-empty and each intersection of pairs of convex

sets is non-empty. The convex sets of D in which we will be interested are the solutions
to linear inequalities like

c+dr>0 or c+dx>0.

After multiplying by an invertible element, we can suppose that these inequalities are
of one of the forms

—a+e%r >0, —a+e% >0, b—elz >0, b—elz>o0.
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The next lemma gives us conditions in terms of the coefficients a and b for which a
single inequality has a solution or a pair of inequalities have a common solution.

Lemma 1.25 (Fourier-Motzkin, base case). Let a,b € D and consider the inequalities

(i) —a+e% >0
(i*) —a+¢e%r >0
(ii) b—ePz >0
(ii*) b—elr>0
Then,
(1) The inequality (1) has a solution iff the inequality (i*) has a solution iff
—ekmag > 0.

Analogously, the inequality (ii) has a solution iff the inequality (ii*) has a solu-
tion iff
e*=Pp > 0.
(2) The inequalities (i) and (ii) have a common solution iff each of them has a
solution in their own and

b—ePa>0if8>a or
e Bp—a>0ifa> 8.

Similarly, (i*) and (ii) have a common solution iff each of them has a solution
wn their own and

b—ePa>0if 8>a or
e Py—a>0ifa>p.

The inequalities (i) and (ii*) have a common solution iff each of them has a
solution in their own and

b—eP >0 B>a or
e Ph—a>0ifa>p.

Finally, (i*) and (ii*) have a common solution iff each of them has a solution
in their own and

b—ePa>0if8>a or
e Ph—a>0ifa>p.

Proof.

(1) If there is an x satisfying (i) or (i*) then by multiplying the inequality on both
sides by ¥~ we get —¥~*a > 0. Conversely, If —*~®a > 0 then either
—eb=2q > 0 or —e¥"%q = 0. In the first case —a + %z > 0 for any z and we
are done. In the second case a is of the form e*a’ and we have —e%a’ +&%x > 0
(resp. —e%a’ + %z > 0) iff —a’ +x > 0 (resp. —a’ + x > 0) which always have
a solution. The statement about (ii) and (ii*) follows from the previous one by
replacing « with —x and a with —b.
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(2) Suppose that both inequalities (i) and (ii) have a solution and moreover 8 > a.
By multiplying (i) by €’ and adding (i) we get b — £?~®a > 0. Conversely,
suppose that both (i) and (ii) have a solution independently and b — e#~%q >
0. Then, by the first part we have —e*~%a > 0 and €*~® > 0. Moreover, if
—eF=%q > 0 then (i) is satisfied for every x and any solution for (ii) works for
both inequalities. Hence, we can assume —e*~%q = 0, and for a similar reason,
we can assume £°~b = 0. Then, a = £*a’ and b = PV for some o',V € D,
which we can replace in the inequality b — £#~%a > 0 to obtain ¢’V — fa’ > 0.
Then, there is an z such that

(1.7) b= >ePr >l =P .

If 3 = o we are done. If 8 > « then, notice that for every ' € D we have
ePx = P(x + e*Ba'). Hence, we can modify the last 3 coordinates of z and
(1.7) remains true. By making them big enough we have ¢z > a, that is, =
satisfy (ii*). In particular, x satisfy both (i) and (ii) simultaneously and we are
done. The case in which 8 > « is done similarly.

Notice that in the argument above we proved that if § > « then (i*) and (ii)
are satisfied together iff they are satisfied individually and b — e#~%a > 0. This
is the next part of the proposition. For the other part, if a > 3 then, if both
(i*) and (ii) are satisfied we can multiply the first equation by ¢~ and add it
to the second one to obtain €*#b—a > 0. Conversely, working in the same way
as to obtain (1.7) we get a’, b,z € D such that

b= > Pa > fa =P,

Again, if 8 = a we are done and if § > «a we can modify the last 8 coordinates
of z as to get €*x > a, and such an x satisfy both (i*) and (ii*) (in particular
(i*) and (ii)). The remaining cases can be done in the same way.

O

For the following result, it will be necessary to use coordinates, hence we will work
with spaces of the form D™ for n > 0, instead of Np for a general lattice N. A linear
inequality in D™ is an inequality of one of the forms

(1.8) a1x1 + -+ anTn, > a a1x1+ -+ anTy, > a

with a,a1,...,a, € D. If it is of the first form we say it is closed, if it is of the second
form, we say it is open, and if a = 0, we say it is homogeneous. A finite family of linear
inequalities is called a system of linear inequalities. Such a system is said to be closed,
open or homogeneous if each inequality is of this form.

Theorem 1.26 (Fourier-Motzkin over D). Given an integer n > 1 and a system of
linear inequalities £ in DL, there is another system of linear inequalities L' in D"
such that an element (x1,...,Zn41) 18 a solution of L iff (x1,...,xy) is a solution of
L'. Moreover, if L is closed or homogeneous then L' can also be taken to be closed or
homogeneous, respectively. If L is open, it may not be possible to take L' open.

Proof. Let & = (%1,...,%Z,) € D™ There is an element z,1 € D such that (Z, x,41) is
a solution to L iff the system of inequalities £z has a non-empty set of solutions, where
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Lz consists of the inequalities
(1.9) 11+ apnlp + apr1x > a or a1y + -+ anlpy + ap1x > a

where a1x1 + -+ + anTy + App1Tn+1 > a and a1 + -+ -+ ATy + Anp1Tp4+1 > a O OVer
all the inequalities of £. After multiplying by a positive invertible element of ID we can
suppose that each inequality in Lz is of one of the forms

(i) —a(Z)+e%x >0
(i*) —a(T) +e% >0
(ii) b(E) — el >0
(ii*) b(#) —Pr >0
(iii) () >0
(iii*) (@) >0

By Lemma 1.25 we know that each of these conditions can be translated into a linear
inequality in the variable Z, giving rise to a system of linear inequalities £’ in the variable
Z. Hence, there is an 1 such that (Z,z,41) is a solution to L iff £z has at least one
solution iff Z is a solution to £’, as we wanted. Moreover, the explicit linear equations
obtained in Lemma 1.25 give us that if each inequality in £ is closed or homogeneous,
then each inequality in £’ is also closed or homogeneous as well. Finally, in the case in
which £ consists in the single equation x1 + exo > 0, then £’ should have as solution
set e*~1z1 >0, so £ cannot consist in a finite set of open inequalities in D. O

As an immediate consequence of this, we get that the projection of a polyhedron in
D* to some of its coordinates is still a polyhedron, and if it is a polyhedral cone then
the projection is also a polyhedral cone. Less immediate consequences are summarized
in the following proposition.

Proposition 1.27.
(1) The image of a polyhedron P under a linear map is a polyhedron. If P is a
polyhedral cone, then the image is also a polyhedral cone.
(2) The sum of two polyhedra is a polyhedron. The sum of two polyhedral cones is
a polyhedral cone.
(3) Every polytope is a polyhedron.
(4) Every finitely generated cone is a polyhedral cone.

Proof.
(1) Without loss of generality we can suppose that P is a polyhedron inside D™ and
the linear map f goes from D" to D*. Now consider

I(flp) = {(z.9) € D" xD* [z € Py = f(a) }.

This is a polyhedron in D" x D and f(P) is the projection to the second
component. Hence, by Fourier-Motzkin this is a polyhedron. In the same way,
if P is a polyhedral cone, then so is I'(f|p) and then its projection f(P).

(2) Given P,@Q C D", consider

R={(z,y,2) eD"xD"xD" |z € PyeQ,z=z+y}.
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By (1), this is a polyhedron and P + @ is the projection to the last component.
Hence, it is a polyhedron as well. As R is a polyhedral cone if each of P and Q
are, then so is P 4+ () in this case.
(3) The polytope P is equal to convp(ay,...,a,) for some ai,...,a, € D". Then,
P = f(Q) where @ is the polyhedron
Q={(x1,...,2,) €D" | 21,...;2, > 0,21+ -+ 2, =1}
and f is the linear map defined by
f:D"— D"
€ —r a;
By part (2) we get that P is a polyhedron as well.
(4) As above, if o = conep(ay,...,a,) for some ay,...,a, € D". Then, o = f(7) for
the same function f and
T={(z1,...,2,) €D" | zy,...,2, > 0}.
O
Next, we will prove the analogous statement to Farkas’ Lemma which works over

the ID. Its proof is based on the Fourier-Motzkin elimination in developed the previous
section.

Theorem 1.28 (Farkas’ Lemma over D). Let f1,..., fr : Np — D be a family of affine
functions such that

P={fi>0,....f, >0}

is non-empty. Then, any affine function f : Np — D that achieves its minimum in P
can be written in the form

Jominf = fi oA
for some A1,..., A\ € D>g.

Remark 1.29. One can state Farkas’ lemma over R as follows. If f, f1,..., fr : Ng =& R
is a family of affine functions such that

Then, there are ¢, A1,..., A\, € R>g such that
=M+ + N te

The exact translation of this statement to I is false. For example, we can take N = Z,
f(x) =z and fi(x) = ex — 1. Then,

{f=02{A=0}=2,
but there are no ¢, A € D>q such that
z=MNex+1)+¢ VzeD.

In this way, we see that the hypothesis that P is not empty is unavoidable. Similarly,
the hypothesis that f achieves its minimum over P is unavoidable as, we can take
f(x) =er+1and fi(z) = e2z. Then

{ex +1>0} = Ng D {e?z > 0}.
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But, there are no ¢, A € D>( such that
ex = \ex) + ¢, Vx € .
We will deduce the theorem above from the following more general technical lemma.
Lemma 1.30. Consider affine functions fi,..., fs, fs+1,---, ft in Np such that

(A> {fl207-"7f8207f8+1207"'7ft20}7é@
(B) {fl20,...,f5207f5+1>0,...,ft>0}:@.
Then, there are A, ..., \s € D>q such that

AMfi(x) 4+ -+ Aefi(x) =0, VaeNp
and at least one element between Agy1, ..., N 1s tnvertible.
Proof of Theorem 1.28. We have
{120, fr = 0,~f +min f >0} # @ and,
{fi20,....f,20,~f+minf >0} = 2.

So, by Lemma 1.30, there are Ay,..., A, A € D> with X invertible such that

A1f1+"'+Arfr+)\<—f+m1;nf> =0.

That is,
Ar
A

as we wanted. O

. A1
f—mlgnf—yf1+"'+

Proof of Lemma 1.30. After composing with an isomorphism we can suppose N = Z".
The proof is by induction on n.

Base case n = 1:

After multiplying by a positive invertible element in Dy if necessary, we can suppose
that each f; is of one of the forms
g —q;, b —elia, ¢; forsome0<q B; <k-—1.
Then, by Lemma 1.25 the system of inequalities in (B) has no solutions iff at least one
of the following conditions fail
(1) For every i we have
(1.1) —eb=%ig > 0if f; = e%a — a;
(1.1) eb¥=Bib > 0 if f; = b; — .
(1.2) Either
¢ >0ifi <sor,
¢ >0ifi>s
(2) Whenever f; = e%x — a; and f; = bj — e%iz we have
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(2.1) If 4,5 < s:
b; —ePim%a; > 0if g; >
e Pib; —a; > 0if a; > B;
(22) If i > s and j < s:
bj — e’ ~%a; > 0 if B > a or,
eai_ﬁjbj —a; >0if o > 35
(2.3) fi < sand j> s
by — %7 %a; > 0if B; > o or,
e Pib; —a; > 0if a; > B;

«; Or,

(2.4) If i,5 > s:
bj — Eﬁj_aiai > 0 if ﬁj > oy or,
e Pib; —a; > 0 if a; > B;

As the system (A) does have a solution, the only conditions that can fail are the ones
with strict inequalities. Moreover, this can fail only by getting an equality.

e If condition (1.2) fail then for some ¢ > s we have f; = ¢; = 0 so in this case we
can take \; = 1 and \; = 0 for all j # i.
e If condition (2.2), (2.3), or (2.4) fail then we have either

fi + 8ai_ﬂjf]’ = Sai_ﬁjbj — Q; = 0
with ¢ > s or

sﬁj_o"'fi +fj=0b;— eli=®ig, =0
with j > s. In the former case we can take \; =1, \; = £%~Bi and everything
else 0. In the later case we can take \; =1, \; = eBi=% and everything else 0.

Induction step:

Assuming the result for D" we will prove it for D"*!. For this let 2’ = (z1,...,2,). As
in the base case, after multiplying by a positive invertible scalar we can assume that
each f; is of one of the forms

Tny1 — ai(x’),  bi(a') — xpq1, (@)

Now, for a given 2’/ € D" fixed, there is an x,+1 € D such that (2, z,,4+1) belongs to
the set (A) iff the same conditions that we use in the base case are satisfied. As the
set (A) is empty, this cannot happen for any z’. Hence, the system of inequalities on
the variable x’ which is formed by all these conditions has an empty set of solutions.
On the other hand, the same system but in which all the inequalities are closed does
have a solution, because the set (B) is not empty. This allows us to use the induction
hypothesis on this new system of inequalities.

Applying the induction hypothesis we get a positive linear combination of the new
affine functions involved which is equal to zero. Now, by doing the following replace-
ments

o kg, (') = ki fi(x)
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6k—o¢j bj (ZE/) — ek’—ozj fj (I)

a(z’) = fi(z)

bj(z') — ePiia; (') = fi(x) + P~ fi(x)

e Pibj(a!) — ai(a') = P~ fi(x) + fi(x),

we turn the linear combination into one involving the original affine functions. By the
induction hypothesis we get that at least one of the coefficients of the linear combination
in either ¢;(z') with i > s, b;(2') — €%~ %a;(z') with j > s or % Fib;(2') — a;(2') with
i > s is invertible. Hence, at least one of the coefficients in f; for ¢ > s is invertible.
This finishes the induction step. O

2. THE STRUCTURE OF FACES

In this section we develop tools to explicitly describe a given face of a polyhedron.
These descriptions depend on the data used to present the polyhedron. In Proposition
2.1 we study the case in which the polyhedron is defined in terms of a representation
by inequalities. After this, we introduce the concept of weighted convexr hull which
allows us to introduce any polyhedron in terms of generators. In Propositions 2.4 and
Proposition 2.9 we describe faces in terms of these generators.

Proposition 2.1. Let P C Np be a polyhedron with a representation
P={y1>a1,...,yr > a,}.

(1) For each y € Myp achieving its minimum in P there are A\; € D>g for 1 <i <r
such that

y=Ay1+ -+ Ayr and

glei}.g(y,m) =MNai+ -+ A\ay.

Moreover, given such elements {\;}i, we can write the face F' = face,(P) as
T
(2.1) F = ﬂ {a: epP ‘5ai<yi ,T) = 6aiai}
i=1

where a; = ord(N;) for each i.
(2) Similarly, if F is a face of P, given x¢ € int(F') we have an equality of the form

(2.2) F= ﬁ {a; epP ‘ 55i<yi,aﬁ> = aﬁiai}

i=1

for Bi = k —ord((y; , zo) — a;).
(8) Conversely, any choice of 0 < a; < k determines a set of the form (2.1) which
is either empty or a face of P.

Remark 2.2. Given a linear function y € Mp with min,cp(y,z) = a. The set
{x ep ’ b=y z) = 6k_°‘a} = {x epP ‘ ord{(y,z) —a} > a}

should be interpreted as the set of all elements « € P such that y achieves the minimum
at least in the first a coordinates.
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As an example, if we take y € Mg to be real and

w=2® 4 2We 4.y BNkl ¢
a = a(o) + a(l)a 4+t a(k_l)gk—l cD.

Then, (y,z) = Zf;&<y,x(i)>5i. So, we have that (y,z)eF~® = ack~ iff (y,2()) =
a for each 0 < i < a, and this happens iff  minimize the vector

((y, =), (y, )

among all z € P with respect to the lexicographic order.
In this way, the equality in (2.1) can be read as: face, P is the set of all z € P for
which y; achieves its minimum at least in the first £ — «;; coordinates for each 1 < i < r.

Proof of Proposition 2.1.

(1)

(2.3)

(2.4)

If y achieves its minimum in P. By Farkas’ Lemma, there are \j,..., A\, € D>
such that

<y7'> _g:%llrjl<y7x> :)‘1(<y17'> _a1)+"‘+)‘7’(<y7"7'> _G’T)

By evaluating this at x = 0 we get mingep(y,z) = A\a1 + - - - + A\ra, and, if we
add this equation to the previous one, we get y = Ay + - - - + A\ry,-. This shows
the first part.

Now, if we evaluate (2.3) in an element € F, the left hand side vanishes
and, as each term of the right hand side is positive, we get

Xilyi, x) = Nia;

for each 1 < i < r. After multiplication by an invertible element, this becomes
e (y; ,x) = €%a;. Which shows that

T
FC ﬂ{xEP ‘so‘i<yi,x> zso‘iai}.
i=1

Conversely, if z is in the right hand side of (2.1) for every 1 < i < r then, the
right hand side of (2.3) vanishes at . Hence, so does the left hand side which
implies « € F'. This shows the equality we wanted.

Notice that gord((wi,20)=ai)((y; 24) — a;) = 0. Hence, by Proposition 2.13, as
xo € int(F') we have

FC {:L’GP )E’Bi<yi,:c) :Eﬁiai},

and therefore

T

FC ﬂ{xEP ’55i<yi,x>:€&ai}.

i=1
On the other hand, by (2.1) and as ¢ € F' we have

g% <yl ,1’0> = 6‘”ai.
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Hence, % ({y; ,x0) — a;) = 0 from where o; > ord((y;,zo) — a;) = ;. This
implies

T T
ﬂ {:c epP ‘65i<yi,x> zeﬁiai} - ﬂ {x eP ‘ e (y; ,x) zeaiai} =F
i=1 1=

(3) Suppose now that F' is a non-empty set of the form (2.1) and consider y =
iy e%y;. We will prove that face,(P) = F. For this, notice that as F' is not
empty, the function (y,-) has as minimum over P the value ) ;_, *a,. Hence,
we can consider face, P, and given x € P, we have

T
x € facey, P <<= (y,x) = Zeo‘iai
i=1

r

= Y e ((yia) —ar) =0
=1

<~ Sai<yi,l‘i> =e%q; Vi

<= x € F,

as we wanted.

O

In particular, the proposition above implies that any polyhedron has finitely many
faces. Another important consequence is the following.

Corollary 2.3. Let P be a polyhedron.

(1) If F is a face of P and G is a face of F, then G is a face of P.
(2) If F and G are faces of P and F NG is non-empty, then it is a face of P.

Proof.
(1) Take a representation P = {y; > ai,...,yr > a,} of P. If F is a face of P by
Proposition 2.1 part 1, there are «; such that

F:ﬂ {gc cP lso‘i(yi,w) zéaiai}
i=1

— > an .y 2} Oy = < Man, ey = <)

Notice that this is expression gives a representation for F'in terms of inequalities.
Hence, if G is a face of F' we can apply Proposition 2.1 part 1 again using this
representation for F. In this way G can be written as

= (Y€ P12 - )

r
_ ﬂ {$ ceP | emax{ai,ﬂi}<yi ,I‘> _ 6max{ai,ﬁi}ai}

for some integers (3;. Which, by Proposition 2.1 part 3, is a face of P.
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(2) By Proposition 2.1 part 1 we have F' = (;_, {z € P | % (y;,x) = £%a;} and
G=Ni_, {:1: € P|elily,x) = sﬁiai} for some «;, B;. Therefore,

-
FNG= ﬂ {:v €P| 5maX{6i’ai}<yi , ) = emax{ﬁi""i}ai}
i=1
which is a face of P by Proposition 2.1 part 3.
O

We will now proceed to study the case in which the polyhedron is given in terms
of finitely many generators. We start with the case of polyhedral cones which, by
Proposition 3.2, are all given by the cone hull of finitely many elements.

Proposition 2.4. For a polyhedral cone o = conep(x1,...,z,) and an element y € o,
the face of o induced by y is given by

face, o = conep {:z:iek*ﬁi}
Yy ,
1<i<r

where B; = ord(y , ;).
Proof. Given x = ). \jx; € 0 we have

x € facey, 0 = (y,z) =0 < Z)\i@,xi} =0.
i
As \i(y,z;) > 0 for each 4, this last thing happens iff \;(y,z;) = 0 for each i. Now,
for B; = ord(y,x;), this is equivalent to A\;e® = 0 for each i, which correspond to the
existence of elements X, € D>( such that \; = /\;5"‘_5". That is, # € conep(z;e¥=%). O

To work out the general case, we need a new notion of finitely generatedness which
allow us to understand every polyhedral cone as a finitely generated object. For this
reason, we introduce the weighted convex hull of a family of vectors.

Definition 2.5. Consider elements z1, ..., z, € Np and integers aq, ..., a, € {0,..., k}.
The weighted convex hull of the elements x1, . . . , . with respect to the weights a, ..., a,
is the set

weonvp([z1; a1l ..., [z 00]) = {Z)\sz
i=1

Al,...,Arzo,zr:gaui_1}.

i=1
Remark 2.6.

(1) If no « is equal to zero then the weighted convex hull is empty.
(2) The weighted convex hull generalize the usual convex hull as we have

weonvp([x1; 0], ..., [xr;0]) = convp(z1, ..., z,).

(3) If oy = k for some 4, then there is no restriction for the corresponding coefficient
A; other that being non-negative. This implies the equality

weonvyp ([z1; aq], .. ., [2r; ar]) = weonvp ({[x4; 4] | i # k}) + conep({x; | a; = k}).
In particular, for x4, ...,2, € Np we have the equality

weonvp{[0;0], [z1; k], ..., [zr; K]} = conep(x1,...,x;.).
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Proposition 2.7. For any polyhedron P C Np, there are x1,...,x, € Np and 0 <
ai,...,ar < k such that

P = weonvp([z1; a1, .. ., [Tr; ap)).
Conversely, any set of this form is a polyhedron.

Proof. Using the extended perfect pairing from Definition 1.12, if we have a represen-
tation
P:{yl Zalv"'ny zar} QNID)

we can consider the polyhedral cone

P ={(y1,~a1) > 0,..., (yr,—a) > 0} C Np x D.
Then, we have
(2.5) PN Np x {1} = P x {1}.

As P is a polyhedral cone, it is finitely generated, hence there are generators (1,b1), ..., (2, by) €
Np x DD such that R

P = conep ((xl, b1),..., (zr, br)).
After multiplying by an invertible element, we can suppose that b; = % for each
i=1,...,r. Hence, using (2.5) we get that

P x {1} = conep ((21,e™),...,D(x,,e%)) N Np x {1}

= {ZT:/\ixiENJD) Al,...,)\rzo,zr:)\ifai = } X{l}
=1

i=1 —
= weonvp([z1;0a], ..., [zr; o)) x {1}

as we wanted. On the other hand, to see that wconvp([z1; 1], ..., [zr; ar]) is a polyhe-
dron, notice that

{(xl,...,wr) eD"

,
xlz(),...,xTZO,Z)\isai—l}

i=1
is a polyhedron in D" and wconvp([z1;aq],. .., [z,; ar]) is the image of this polyhedron
under the map
D" — N]D)
ei—rxz;, Vie{l,...,r}.

Where {ey,...,e,} denotes the standard basis in D". Hence, it is a polyhedron by
Proposition 1.27. O

Remark 2.8. In the usual polyhedral geometry over R, every polyhedron can be writ-
ten as the sum of a polytope and a polyhedral cone, this is called a Minkowski- Weil
decomposition for the polyhedron. The proposition above is the closest we can get to
that statement for general polyhedra over . For a detailed study of when one can
actually write a polyhedron over D as a sum of a polytope and a polyhedral cone we
refer to Section 3.4.

We will proceed to study the faces of a polyhedron from this new description in terms
of generators.
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Proposition 2.9. Let P = wconvp ([ml, atly ... [T ozr]) be a polyhedron and y € Mp
a linear function achieving its minimum in P. Then, if a = mingep(y,x), we have

face, (P) = wconv ([mlek_ﬂl; k4+oa1—B1],..., [z P k4 ap — ﬂr])

where B3; = ord((y , z;) — e%a).
Proof. As in the proof of Proposition 2.7, if we consider
P = conep ((x1,e*), ..., (z,,e%)) C Np x D
then we have
(2.6) P=PnNpx{1}.

Now, we claim that if y achieves its minimum «a in P, then (y, —a) € PV, Indeed, as
(y,x) > afor any = € P we get
((y,—a),(x,1)) >0 for any = € P.

Then, given (z,b) € 13, with b € DZ, invertible, by the equality in (2.6), we have
x/b € P. Hence,

((y, —a), (x,0)) = b((y, —a), (x/b,1)) = 0.

Finally, let 2’ be an element in P achieving the minimum of y, that is ((y, —a) , (2, 1)) =
0. Then, for an element of the form (z,b) € P with b no invertible we can consider
(«',1) + (x,b) = (& + 2,14+ b). Now 1+ b is invertible, so from the previous step

0<({(y,—a), (&' + 2,14+ b)) = ((y, —a), (2", 1)) + ((y, —a) , (2,0)) = ((y, —a) , (,])).

Hence, (y, —a) is positive in (z,b) for any (z,b) € P. Therefore, (y, —a) € PV, which
proves the claim.

After this, we can consider face(y,_a)ﬁ and, by Proposition 2.4 above, if §; =
ord({(y, —a) , (z;,e%))) = ord({y , x;) — €% a), then we have that

face(,, _q) (]3) = conep ({(wi,sai)skﬁi}lgigj .
Moreover, we have the equality
(2.7) face(y,—a) (ﬁ) N Np x {1} = face,(P) x {1}.
This gives

face, (P) = {x € Np

oo k=P

(x,1) € conep ({(xz,s )e }199)}

= {Z NePBixi | A, A >0, ng+arﬁi)\i —1, }
i=1 -

=1
= weconv ([xlak*[h; k+ay—pi),..., [xrsk*BT; k+ o, — @]) ,

as we wanted. O
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Corollary 2.10. For a polytope P = convp(x1,...,x,) and any element y € Mp, the
face of P induced by y is given by
face, (P) = wconvp ([mlek_ﬂl; k—Bi),...,[ze"Prik — Br])
where B; = ord({y , ;) — a) with a = mingep(y, ).
Proof. It follows from the previous proposition by considering the equation
weonvy([z1,0], ..., [z, 0]) = convp(zy,...,z,).
Il

Remark 2.11. In general, a face of a polytope is not necesarily a polytope. For
example, consider the polytope P = convp{0,1} = [0,1] C D and the face

face r—1(P) = conep(e).

This is not a polytope as, on a polytope, any linear function always attains its minimum
in at least one of its vertices, in fact, this characterize a polytope as we will see in
Corollary 3.28. However, in conep(e) the linear function y = —e does not achieve a
minimum at all.

Finally, we introduce the relative interior of a polyhedron. We cannot introduce this
concept as a topological interior, as we do not have appropriate topological tools over
the ring . For this reason, we introduce it combinatorially by means of the structure of
faces, and we show that, in the case of polyhedral cones, this coincides with an algebraic
construction in terms of generators.

Definition 2.12. Let P be a polyhedron. The relative interior of P is the set

int(P) :== P \ U F
F=P
FZP

where the union goes over all the proper faces F' of P.
The next proposition summarize some basic proprieties of this concept.

Proposition 2.13. For a given polyhedron P C Np:
(1) There is a decomposition
P=| | int(F),
F<P

where the disjoint union goes over all the different faces of P.

(2) For a face F of P and an element x € int(F). A face G of P contains x iff
F C@G.

(8) We have int(P) # &.

(4) Given a finitely generated cone o = conep(x1,...,x,), the relative interior can
be computed as

(2.8) intec = { ZT: i

=1

)\1,...,)\7«6]1);0}.

Proof.
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(1) Given x € P. Let F be the smallest face of P containing x, this exists be-
cause of Corollary 2.3(2)? and the fact that there are only finitely many faces,
a consequence of Proposition 2.1 part 1. Given this face, we have

reF\ |JF
G=F
G#F
therefore x € int(F"). This shows that o = J, ., int(7).
Now, to see that the union is disjoint, notice that if z € int(F)Nint(G), then
x € F NG, which is a face by Corollary 2.3. But as z € int(F), this is only
possible if F NG = F, that is F' O G. Similarly G O F so F = G.
(2) f FZ G, then z € FNG and FNG is a face of P contained in F', hence it is
a proper face of F'. Then, z ¢ FF\ F NG but as int(F) C FF\ FNG we get a
contradiction.

(3) For each polyhedron P consider
length(P) =max{s e N|3F,...,F, €e§(P)"st o CF, C---C F,=P}.
We show that int(P) # @ by induction on length(P).

If length(P) = 1, then P does not have any proper face, hence int(P) = P # &.
Now, suppose that length(P) = s+ 1 and the result is true whenever the length
is smaller or equal to s. Consider a maximal chain of faces of P of the form

CEkH C---CF;CFsy1=P.

Then, length(Fy) = s, and so, by the induction hypothesis, we have int(Fs) # @.
Take z € int(F,) and 2’ € P\ F,. Then, we claim that $(z + 2') € int(P).
Indeed, if (z + 2’) ¢ int(P), then there is a y € Mp such that

1
5(1: + 2') € face,(P) C P.

In particular, y achieves its minimum in (z + 2’). Moreover, as we have

1

(o3l + o) = 5({,2) + (y,a7)

> min{(y, z), (y,2')}

with equality iff (y, 3(z+2')) = (y,z) = (y,2’). Therefore, we have that y also
achieves its minimum in z and 2/, that is z, 2" € face,(P). As x € int(F}), by
part (2) of this proposition we have Fy C face,(P), and as ' ¢ F; we also have
Fy # face,(P). Hence, by the maximality of s, we get face,(P) = P which is a
contradiction. Therefore, 3(z + 2') € int(P), so int(P) # @ as we wanted.

(4) We will prove the equality by a double inclusion.

First, take an z in the right-hand side of (2.8). For every face 7 C o there is
y € Mp attaining its minimum in ¢ such that 7 = face, 0. As o is a polyhedral

2This result is proved in Section 2 and it is based on Proposition 2.1, parts (1) and (3). It might be
worth mentioning that this does not produce any loop in the logic.
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cone, y must be non-negative over ¢ to achieve its minimum. Now, suppose that
z =Y. \z; € 7. Then, we must have

(y,z)=> Nly,z:) =0.
=1

As each term of the sum is non-negative, this happens iff \;(y,z;) = 0 for each
i, and as all \; are invertible, this is the same as (y,z;) = 0 for each i. Then,

we have x1,...,2, € T so 0 = conep(x1,...,2,) C 7, and hence 7 = o. This
shows that
r €T\ U 7 = int(0).
70
T#0

On the other hand, take = € int(¢) and fix some 1 < i < r. We claim that
there is a A € DX, such that
T — A\x; € 0.

If this is not the case, as ¢ is a polyhedral cone by Proposition 1.27 part 4, there
are yi,...,Ys € Mp such that

c={y1 >0,...,ys > 0}.
Then, there must be a y; such that for every A € DZ, small enough we have
(yj,x— Az;) < 0.

That is, 0 < (y;,x) < A(y;, ;) for every X € DI, small enough, which implies
that (y;,x) is infinitesimally smaller than (y; ,x;), that is, (y;,x) = ep(y; , ;)
for some p € Dsg. Then, for some [ > 0 we have e!(y; , ) = 0 but e(y; , z;) # 0.
Therefore, yjsl € Mp defines a face facengz o containing x but not z; which
contradicts the fact that x is in the relative interior. This finishes the proof of
the claim. Therefore, for each 1 < i < r there is a A such that

x=Ax; +2

for some x’ € 0. By writting 2’ in terms of x1,...,z, we get a representation of

2 in the form
-
=1

with A; € DX, and A; > 0 for j # i. By taking an average of all this represen-
tations for all ¢, we get a representation with all \; € D§0' This finishes the
proof.

O

3. DuALiTY THEORY

3.1. Cone Duality. In this section we will study polyhedral cones and their duals.
After introducing the dual we show how to find generators for it from a representation
of the original cone, or how to find a representation for it from generators of the original
cone. In particular, this implies that finitely generated cones are the same as polyhedral
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cones. The main result of this section is the duality theorem, which gives an explicit
order reversing bijection between the faces of a cone and the faces of its dual.

Definition 3.1. Let 0 C Np be a cone. Its dual cone is the set of all linear functionals
non-negative over it, that is,

o' ={yeMp|(y,z)>0,Vrco}.

Proposition 3.2.
(1) Given yp,...,y, € Mp we have

<ﬂ {z € Np | (yi,z) > 0}) = convp (Y1, -, Yr)-

i=1
(2) Given ay,...,a, € Np, we have

T

convp(ag,...,a.)" = ﬂ {y e Mp | (y,a;) >0}.
i=1

(8) For any polyhedral cone o, we have (UV)V =o0.
(4) Polyhedral cones are the same as finitely generated cones.

Proof.

(1) Let 0 = ();_y {z € Np | (yi,x) > 0}. We have that (Ay1 + -+ + Ay, ) is
positive over o, hence \iy1 + --- + Ay, € 0¥ for every A,..., A\, > 0, then
conep(y1,-..,y-) € oV. On the other hand, given y € ¢V, we have that (y,-) is
positive over ¢ and its minimum is 0 on it. Hence, by Farkas’ Lemma, there are
Aty .oy A € D>g such that

Ayt Ay = Y-
Therefore, y € convp(y1,...,Y:), so 0¥ C convp (Y1, .- -, Yr)-
(2) We have
y € conep(ay,...,a;)” < (y,z) >0 Va € conep(ay,...,ar)

= (y,a;) >0 V1<i<r
T

= y¢€ ﬂ{y € Mp | (y,a;) > 0}.
i=1

(3) By part (1) and (2), given a polyhedral cone as (;_; {z € Np | (yi,x) > 0} we

have
T v Vv
<<ﬂ {zeNp|(yi,z) > 0}> ) = convp(y1, .-, yr)"
i=1

:ﬂ{xeNDHyi,x)ZO}.

(4) In Proposition 1.27, we saw that that finitely generated cones are polyhedral.
On the other hand, let us suppose that a cone ¢ C Np is polyhedral. By part
(1) then ¢V is finitely generated and hence polyhedral by Proposition 1.27. So
by part (1) again (¢¥)Y = o is finitely generated.
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g

Now, we will prove a duality result for cones, which states that the faces of a cone
are in an order reversing correspondence with the faces of its dual cone.

Theorem 3.3 (Cone duality). Given a polyhedral cone o and its dual oV, there is an
order reversing bijection between the reduced face poset of o and the reduced face poset
of its dual 0¥ given by

§(0)” — (o)
T— =11 NgY,

where
= {ye Mp | (y,z) =0,V €1}

Proof. First, notice that, as 7 is a polyhedral cone, it is finitely generated. Hence,
T = conep(x1,...,z,) for some z1,...,x, € 0. Then, we have

={yco’|({y,r;)=0, fori=1,...,r} = faces, 4..10,(c")

Therefore, 7* is a face of ¢¥ and the map is well defined.

Now, let us see that the map is surjective: An arbitrary face of ¢V is of the form
face,, (V) for some zo € o. By Proposition 2.13, there is a face 7 of ¢ such that
x' € int(7). If we consider generators 7 = conep(x1,...,z,) then, by Proposition ?7?,
we have zg = Y, \iz; with A; € DZ,. Hence, for y € 0¥ we have

y € face,, 0” < (y,20) =0 (y, 7)) =0V0<i<r & (yz)=0Vr e

Therefore, face,, 0" = 7*.

Finally, we will prove that the map is its own inverse: As the map is surjective it is
enough to prove that ((7%)*)* = 7*. For this, we will prove that (7*)* C 7. Suppose
T = face, o for some y’ € ¢V. Then,

()" ={z€o|(y,z) =0Vy e 7"}
Cl{reo|({y,z) =0}

=T

This finishes the proof. O

3.2. The Support of the Normal Fan. In this section we introduce the support of
the normal fan of a polyhedron P. This is the set of all elements y € Mp for which
face, (P) is well defined. We regard it as a generalization of the dual cone of a polyhedral
cone introduced in Section 3.1. The support of the normal fan for polyhedra over I
happens to be a more subtle concept than its counterpart over R, for instance, see
Example 3.6 below. Moreover, for a polyhedron P we introduce its recession cone as
the set of all directions for which, any point in the polyhedron that moves along this
direction remain in the polyhedron. In Proposition 3.11 we show how the dual of the
support of the normal cone coincides with its recession cone.
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Definition 3.4. Let P C Np be a non-empty polyhedron. The support of the normal
fan of P, denoted by |NF(P)|, is the set of all y € Mp such that (y,-) achieves its
minimum over P. That is,

|NFunp:{uu;mm

. . sts b
m};n(y, ) exis s}

Remark 3.5. If 0 C Np is a polyhedral cone, then [NF(c)| recovers the dual cone oV.

Example 3.6. Given a polyhedron P, the set |[NF(P)| is always closed under positive
scalar multiplications, but is not convex in general. Indeed, consider N = M = Z3
together with the polyhedron
P={(z,y,2) €D® |2>0,y>0,2>0,z+y+ez=1}.
Then, we have (1,0,0),(0,1,0) € NF(P) as both of these elements achieve 0 as their
minimum over P. Nonetheless, their sum (1,1,0) does not achieve its minimum over
P, as for (z,y,z) € P, we have
((1,1,0),(x,y,2)) =z +y=1—ez,

and the set {1 —ez € D| z > 0} does not have a minimum. Therefore, [NF(P)]| is not
a convex cone in this case.

Question 3.7. Is there a simple characterization for the sets of the form |[NF(P)| C My
for some polyhedron P C Np?

Although we do not know the answer to the question above, in the following propo-
sition we provide an understanding of conep |[NF(P)| in terms of a representation of
P. Moreover, in Section 3.4 we give a characterization for the polyhedra P for which
INF(P)] is convex.

Proposition 3.8. Let P be a non-empty polyhedron and suppose that
P={y1>a1,...,yr > ar}
s a non-redundant representation of P. Then,
conep |[NF(P)| = conep(y1, - .., yr).

Remark 3.9.
(1) As |NF(P)|is closed under positive scalar multiplications, we can replace conep |[NF(P)|
by convp [(NF(P))| in the statement above.
(2) The assumption that the representation is not-redundant is unavoidable in the
hypothesis. For example, for N = M = Z consider

P={zeD|(e,z) >0,(1,z) > —1}.
Then, 1 ¢ conep |[NF(P)| = conep(e) and this does not contradict the statement

of the result as the inequality (1,x) > —1 is redundant in the representation.

Proof of Proposition 3.8. As the representation is non-redundant, by Proposition 1.8,
each y; attains its minimum in P. Hence, y; € |NF(P)| for each i. This shows
conep(yi, ..., yr) € conep |[NF(P)|. On the other hand, given y € |[NF(P)|, as y achieves
its minimum in P, by Proposition 2.1 there are A; ..., A, € D>g such that

Y=yt Ay
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Hence, y € conep(yi, ..., y,). This shows conep [NF(P)| C conep(y1, ..., Yr)- O
Definition 3.10. The recession cone of P is the set
recc(P) :={z € Np | P+ z C P}.

Proposition 3.11. Let P C Ny be a non-empty polyhedron. Then,

(1) given a non-redundant representation of P

P={yy>a1,...,yr > ay}
we have
recc(P) ={y1 >0,...,y, >0}

(2) The dual of the cone hull of the support of the normal fan of P is the recession
cone of P, that is,

conep(|NF(P)|)" = recc(P).
In particular, recc(P) is a polyhedral cone. Moreover, by duality recc(P)Y = conep |[NF(P)]|.

Proof. Notice that, by Proposition 3.8 together with Proposition 3.2 we have
conep (INF(P)|)" = {y1 > 0,...,y, > 0} .

Hence, it is enough to prove that recc(P) is equal to any of these sets. If 2/ € Np
satisfies (y; ,2') > 0 for every 1 < i < r, then for any z € P, we have

(yi, o+ 2y = (y;,z) + (y,2') >a; V1<i<nr

Thus, P + 2’ C P. This shows conep(|NF(P)|)V C recc(P). On the other hand, by
Proposition 1.8, for any 1 < i < r, there is an x € P such that (y;,x) = a;. Then,
given 2’ € recc(P), we must have x + 2/ € P. In particular, (y;,z + 2’) > a;, from
which we infer that (y;,z’) > 0. As this happens for each 1 < ¢ < r, we must have
x’ € conep(|NF(P)|)Y, and so recc(P) C conep(|NF(P)|)Y. O

Corollary 3.12. If P is simultaneously a polyhedron and a convexr cone (in the sense
of Definition 1.3), then P is a polyhedral cone.

Proof. By the previous proposition, recc(P) is a polyhedral cone, so it is enough to
prove that P = recc(P). As 0 € P we have 0 + recc(P) = recc(P) C P. On the other
hand, as P is a convex cone, we have P + P C P, hence P C recc(P). O

3.3. Normal Fan Duality. In this section we introduce the normal fan of a polyhedron
P. This is an arrangement of polyhedral cones in Mp encoding the behavior of the
function y — face, P. Its construction provides a generalization of the cone duality in
Theorem 3.3, and it gives us an important tool to study the combinatorial type of a
polyhedron, as we do in Section 4.2 for R-rational polyhedra.

Definition 3.13. Let P C Np be a polyhedron. For each face F' of P, its normal cone
is the set

C(F) :=={y € Mp | face, P DO F'}.
That is, the set of all y € Mp such that face,(P) exists and contains F',
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Proposition 3.14. Given a face F of a polyhedron P. The normal cone C(F) is a
polyhedral cone. More precisely, given a non-redundant representation
P={y>a1,...,yr > a,}
and an element x € int F', we have
C(F) = coneyp (5’““‘13/1, . ,5’“_0‘*%)
where a; = ord((y; , ) — a;).

Proof. Given y € C(F), if mingep(y,x) = a, then, by Farkas’ Lemma, there are
Ay ..., A € D>g such that

() —a=X (") —a) + -+ M({yr,) —ar).

By evaluating this equality in x € int(F'), the left hand side is 0 and the right hand side
is a sum of non-negative terms. Hence, each term of the sum must be zero and we get

Ni(yi,z) —a;) =0 V1<i<r
So, if a; = ord({y; , ¥) — a;) then there are \; € D> such that \; = e¥=® ). Therefore,
(31) Yy = €k_a1 )\,1311 4+ 4 5k_ar)\;yr.

On the other hand, if y is of the form (3.1) above, then (y,x) = a. Therefore, x €
face,(P). But as « € int(F), by Proposition 2.13, we must have F' C face,(P). That is,

y € C(F).
With this we conclude that

C(F) = conep (5k_0‘1y1, . ,ek_a’“yr>
as we wanted. O

The normal cone C(F) encodes the local shape of P around F'. To make this concrete
we introduce the following notion.

Definition 3.15. Let P C Np be a polyhedron and let F' be a face of P. The star of
F' with respect to P is the set

Starp(F) = {\z —2') € Np |z € P,a’ € F,A e DX}
Lemma 3.16. Let P be a polyhedron and F a face of P, then
C(F)Y = Starp(F).
Proof. Fix elements x € P, 2’ € F and A € DZ;. For any y € C(F), as y achieves its
minimum at 2, we have (y,x) > (y, ). Hence, (y, \(x—z')) > 0,50 A\(z—2') € C(F)".
This shows that Starp(F) C C(F)V.

We will now prove the other direction, for this fix a representation

P={yy>a1,...,yr > ay}.
Then, by Proposition 2.1, there are 0 < «; < k such that

(3.2) F = ﬂ{x € P|e%(y,x) =e%a;}.
i=1
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Hence, an element x’ € F satisfies
(3.3) e¥(y; 2’y =e%a; V1<i<r.
Moreover, we can take 2’ in such a way that
(3.4) e Wy 2y >e* g, V1 <i<rwitha; >1
Indeed, if for a certain ¢, we have
e Ny, 2l =% gy, Va' €F.
Then, we can replace a; with o; —1 in (3.2) without altering the set F'. We can proceed

in this way and eventually there will be an 2/ € F' such that

1

@iy, al) > %1,

e

After doing this for every i we can take 2/ = 1 "7 2.

We will now prove that for every w € C(F')" there is a A € DZ, such that Aw+2’ € P.
This will finish the proof because then w = A\~(z — ') € Starp(F), so C(F)V C
Starp(F) as we needed. To prove this, notice that there is a A € DZ, such that
Mo+ € Piffforeach 1 <4 <7 thereisa \; € ]D;O such that

<yi y )\iw + ZL’I> Z a;

as then we can take A = min;{\;}. We will work now with a fixed i and show that such
a \; exist in all the possible cases in which the element (y; ,w) can be. Notice that as
w € C(F)Y and e%y; € NC(F) (as it attains its minimum £%a; on F') we have

e (y; ,w) > 0.

o If % (y; ,w) > 0 we are done, as this together with (3.3) give us e® (y; , w+az') >
e%a; which implies (y; ,w + 2’) > a; so we can take \; = 1.

o If % (y;,w) = 0 and o; = 0 we have (y;, \sw + 2’) = (y;,2') > a; so any
Ai € D%, works.

o If % (y; ,w) = 0 and «; > 0 then, it is enough to find A; small enough such that

1

¥ (y; , \jw + 1) > e%a; = )\iao‘ﬁl(yi yw) > e ra; — 5“i71<yi ).

In this last inequality, both %~ 1(y; ,w) and e*~la; — e*~1{y; ,2’) are of the
form e¥~1A with A € R. As the right hand side is negative by (3.4), by taking

A € Ry small enough we can always make the left hand side bigger.
O
Theorem 3.17 (Normal fan duality). Given a polyhedron P C Ny, the family
NF(P) ={C(F) C Mp | F € §(P)"}

is a fan whose support is [INF(P)|. Moreover, for a polyhedral cone o we have C(1) = T
for each face T of 0.

Proof. By Proposition 3.14 each set C'(F) is a polyhedral cone. Also, for F,G € §(P)*
we have

y € C(F)NC(G) < facey(P) D FUG <= facey(P) D FVG < ye C(FVQ).
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Hence, C(F) N C(G) = C(F V G). Also, a face 7 < C(F) is defined by an element
zo € C(F)V. By Lemma 3.16 we have C(F)" = Starp(F'), hence zg = A(z — 2’) for
A e D%, x € Pand 2’ € F. Therefore,

T =facey, (C(F)

)
={y € C(F) | (y,x0) = 0}
{

y,z) = (y,2')}

) |
={y € C(F) |
={y € C(F) | ggg@,m =(y,z)}

={y € P | face,(P) 2 F U {z}}
=C(FVG)

where G is the only face of P such that x € int G. With this we have shown that NF(P)
is a fan. Finally, for a polyhedral cone ¢ and a face 7 of o we have that

C(1) ={y € INF(o)| | facey 2 7}

={yco’|{y,z) =0Vz €7}
=0V Nrt

*
=T7".

O

Remark 3.18.
(1) The name of the theorem comes from the fact that the normal fan gives us an
order reversing bijection

F(P)* = NF(P)

in which each face F' < P is orthogonal to its corresponding face C(F') € NF(P).
(2) If o is a polyhedral cone then, the bijection above is given by

F(0)* = NF(0)
T 7.

Therefore, this maps correspond to the one from the cone duality in Theorem
3.3. In this way, we see that the normal fan duality in Theorem 3.17 is a strict
generalization of the dual cone duality in Theorem 3.3.

We finalize with the following concept.

Definition 3.19. A fan ¥ in Mp is said to be regular if there is a polyhedron P such
that ¥ = NF(P).

3.4. The Support Function. In this section we go one step further in our dual under-
standing of a polyhedron and consider the map y +— mingep(y,x). This is a piecewise
linear concave function called the support function of the polyhedron P. Under mild
hypothesis, in Theorem 3.23 we use the support function to obtain an alternative de-
scription of the normal fan, and in Theorem 3.25 we show how the support function
gives us a bijection between polyhedra and piecewise linear concave functions. We use
this in Corollary 3.28 to understand when a given polyhedron has a Minkowski- Weyl
decomposition. That is, an equation of the form P = ) + o, where @ is a polytope
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and o is a polyhedral cone. In particular, this characterization allow us to show that
polytopes are exactly the polyhedra in which any linear function achieves its minimum
Definition 3.20. Given a polyhedron P, we define its support function as the map
hp : INF(P)| — D
— min(y , x).
y — min{y, z)
Remark 3.21.
(1) The function hp is positive homogeneous in the sense that, for any A € D>, if

y € INF(P)| then hp(Ay) = Ahp(y).
(2) For each face F' < P, if we take a point zp € int(F'), then

hp(y) = min(y, z) = (y,zr)

for each y € C'(F). In particular, hp is linear along C(F).
(3) The minimum in the definition of hp can be taken to be finite because, as above,
if we take for each face F' < P a point xp € int(P) then,

hp(y) = mi :
p(y) Fég%g)xy,w)

(4) If P={y1 > ai,...,yr > a,} is a non-redundant representation of P, then by
Proposition 1.8 we have hp(y;) = a;.

(5) From the support of the normal fan and the support function, we can recover
the polyhedron as

P= () {zeNpl{y,z)>hp(y)}
yENF(P)|

We can use the support function to give new characterizations of the normal fan. For
this, we will use the concepts from Definition 1.12 together with the following one.

Definition 3.22. Given a polyhedron P, the lifted normal fan is the set
INF(P)|" := conep {(y, hp(y)) € Mp x D | y € [NF(P)|}.

Theorem 3.23. Let P be a polyhedron with a non-redundant representation P = {y; >
ai,...,yr > ap}. The lifted normal fan can be computed as

INF(P)|" = conep ((y1,01),---, (yrr ar)).

Moreover, NF(P) can be obtained as the family of all projections of the upper faces of
INF(P)|" from Mp x D to Myp.

Proof. The proof goes in three steps.
(1) INF(P)|" = conep((y1,a1), ..., (yr,a)):

As y; € |NF(P)| for each ¢ = 1,...,r, we have (y;,h(yi)) = (yi,a;) €
INF(P)|", hence

INF(P)|" D conep((y1,a1),-- ., (yr,ar))
For the other inclusion, by Proposition 3.14, for any face F' of P we have

C(F) = conep (5k_a1y1, . ,5’“_0‘7‘%)
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where «; = ord((y; ,x) — a;). Hence, for y € C(F) there are A1,..., A\, € D>0
such that
Y= M Ty 4 ATy
Moreover, as hp is positive homogeneous and linear over C'(F') we have
hp(y) = Mhp(e¥Cy)) + -+ A\hp(ey,)
= M hp(y1) + -+ Ae T hp(yr)
=M% 4 AT,

Hence, (y,np(y)) € conep((y1,a1), -, (Yr, ar)) for any y € C(F). As [NF(P)| =
Up C(F) we conclude that [NF(P)|" = conep((y1,a1),- .-, (Yr, ar)).

(2) face(, —1)(Q) can be considered iff z € P:
We have that face(, _1)(Q) exists iff (z,1) € Q. Moreover, for x € Np
(z,1) € Q¥ <= ((y,hpr(y)),(z,—1)) > 0 for every y € NF(P)|
< (y,x) > h(y) for every y € NF(P)
< xz€P.

(3) For v € P, if x € int(F) then face(, _1)(Q) = F':
By Proposition 2.4, using the generators from part (1) we get
face(s, 1)(Q) = cone (&5 (y1,ar) .., (yr,a))
where
a; = ord((yi, hp(yi)) , (2, —1)) = ord((wi , ) — hp(yi)) = ord((w; , z) — a;).
Hence, if m denotes the projection from Mp to D we have
T (face(x,,l)(Q)) = conep <5k*°‘1y1, .. ,&J“fasyr) ,

which is exactly equal to C'(F') by Proposition 3.14.
Il

Definition 3.24. Given a polyhedral cone ¢ C Mp, a function | : ¢ — D is called
piecewise linear concave if there is a finite subset A C Np such that

l(y) = ggg(y,x% Yy € o.

Theorem 3.25 (Higher rank Minkowki theorem). There is a bijection between polyhedra
with convexr normal fan and polyhedral cones endowed with concave linear functions.
Explicitly:

(1) We associate to a polyhedron P with conver normal fan the pair
U(P) = (INF(P)|, hp).
(2) We associate to a pair (o, h) the polyhedron
®(a,h) = convp(A) +

where A C Np is a finite subset such that h = mingea(-, ).
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Proof. The map in VU is well define because, as |[NF(P)| is convex, it is a polyhedral cone
by Proposition 3.8. Moreover, the support function is pieciewise linear and concave as
mentioned in part (3) of Remark 3.21.

Let us see now that the map ® is well defined as well. For this, notice that an
element y € Mp achieves the minimum in convp(A) + oV iff it achieves the minimum
independently in convp(A) and in ¢V. Moreover, y always achieves the minimum in
convp(A) in one element of A, and it achieves the minimum in oV iff y € (¢¥)" = 0.
Hence, the support of the normal fan of ®(o, h) = convp(A) + ¢V is o, which is convex.
Moreover, the support function of this polyhedron is

c— D

— min , ) = min(y ,x
y I@(mh)@/ ) = minfy, )

which is exactly h. As, mentioned in Remark 3.21 part (5), the support function of a
polyhedron determines the polyhedron. Hence, convp(A) + 0¥ does not depend on A
and then the map is well defined.

Moreover, the maps ¥ and ® are mutually inverse: If we start with a pair (o, h), we
get a polyhedron ®(o, h) = convp(A) + o which, as we saw above, has o as normal fan
and h as support function. Hence,

Vo ®(o,h) = (0,h).

This shows that ¥ is surjective. Moreover, the map U is already injective by Remark
3.21 part (5). Hence, it is bijective and then ¥ and ® are mutually inverse. O

Definition 3.26. A Minkowski-Weyl decomposition for a polyhedron, is an equality of
the form P = @ + o with ) a polytope and ¢ a polyhedral cone.

Remark 3.27. If P = convp(A) + o is a Minkowski-Weyl decomposition we get
(Uv,mi£l<- ,x)) =WVo @(Uv,mi£1<- ,x)) = V(convp(A) + o) = U(P) = (INF(P)|, hp).
Te TE

Hence, 0¥ = |[NF(P)| and then, by Proposition 3.11, we get o = |[NF(P)|" = recc(P).
In particular, the polyhedral cone in the decomposition is uniquely determined. On the
other hand, the polytope on the decomposition is not uniquely determine. For example,

{0} + 0 = convp(A4) + o
for any polyhedron o and any finite set A C o, but {0} # convp(A) in general.

Corollary 3.28.
(1) A polyhedron admits a Minkowski- Weyl decomposition iff the support of its nor-
mal fan is conver.
(2) A polyhedron is a polytope iff any linear function attains its minimum over it.

Proof.

(1) If a polyhedron admits a Minkowski-Weyl decomposition P = @ + o, then as in
Remark 3.27 we get [NF(P)| = ¢V which is a convex set. On the other hand, if
the support of the normal fan is convex then we can apply Theorem 3.25 and
we get

P =0 W(P) = B(INF(P)|, hp) = convp () + [NF(P)|"
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which is a Minkowski-Weyl decomposition for P.
(2) If P = convp(A) is a polytope then, any linear function achieves its minimum
in one its generators from A. In particular the minimum exists.
On the other hand, if [INF(P)| = Mp, then |[NF(P)| is convex. By the previous
part then P admits a Minkowski-Weyl decomposition P = Q+ 0. As in Remark
3.27 we have

o =recc(P) = [NF(P)|Y = My = {0}.

Hence, P = @Q + {0} = @ is a polytope.
[l

Remark 3.29.
(1) In Example 3.6 we saw a polyhedron whose normal fan is not convex. Hence, by
Corollary 3.28 this also gives an example of a polyhedron which does not accept
a Minkowski-Weyl decomposition.
(2) Using part (2) of Corollary 3.28 together with Theorem 3.25 we get a bijection
between piecewise linear concave functions i : Mp — D and polytopes in Np.

4. R-RATIONAL POLYHEDRA

4.1. R-Rational Polyhedra as tangent cones. As we have seen, polyhedra over the
generalized dual numbers D give rise to iterated fibrations. In general, these fibrations
may be difficult to understand, but in some particular cases, it may be possible to give
a complete description of them. We will study two situations in which this happens, the
one given by strongly R-rational polyhedra and the one given by Strongly eR-rational
polyhedra.

Let us recall that, from Definition 1.6, a polyhedron P is called strongly R-rational
if it admits a representation of the form

P:{ylzalw-'ayrzar}

with y; € Mg and a; € R for each 1 <4 < r. For the other concept we have the following
definition.

Definition 4.1. A polyhedron is called strongly eR-rational if it is an intersection of
semispaces of the form

H={x € Np | e (y,z) > %}
for some y € Mg, a € R and 0 < o < k — 1. That is, it admits a representation of the
form
P={e""y >e%ay,....e"y, > a,}
with y; € Mg, a; € R and 0 < o < k — 1. If we can take a; = 0 for each 7 we say that
P is an strongly eR-rational polyhedral cone.

We will start with the following results. Which in particular shows that the tan-
gent cone of polyhedra produces strongly R-rational polyhedra and, more generally, the
tangent cone of a flag of polyhedra produces strongly eR-rational polyhedra.

Theorem 4.2.
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(1) Given a flag of polyhedra in Ny of the form
P:PhCPC--CH_,
the tangent cone TCP is a polyhedra in Np.
In concrete terms,
(a) if for each 0 <i <r we have P; = convg({z;;};). Then
TCP = wconvy ({[aim‘ij; z]}w>
(b) if for each 0 < i <r we have
b= |z € Ne|(z,yj) > ay}.
J
Then
TCP = ﬂ{x € Np | 7 Ua  yi;) > e ayj}.
i,J
(2) Let
S:00C 01 C---Cop
be a flag of polyhedral cones in Nr. Then TCS is a finitely generated polyhedral

cone in Np. In concrete terms,
(a) if for each 0 < i <r we have o; = coner({x;;};). Then

TCS = conep ({szx”}”) .
(b) If for each 0 < i <r we have o; = (;{z € Nr | (z,yi;) > 0}. Then
TCS = (\{z € Np | "z, y;5) > 0}.
i\
Proof. Let us start with the proof of (1) part (b). For this pick x € Np and y € Mg. If
we write £ = (0 + ez + ... 4 F~ 121 then we have
ebifn ) = O gy 4 R gy k@) gy
Hence, for a € R, e¥=¥(x ,y) > £*~a happens in D iff for each § € R+ small enough we
have
etz gy gkt N 4y gk @ gy > ki
— <$(0) )+ 51(:1:(1) ) 4+ 5i<x(i) oY) >a

which is equivalent to x € TCA“Y*, where A“Y® is the flag

AWV Ag C A C oo C Ap

given by A; = {x € Ng | (x,y) > a} for j <iand A; = Ng for j > i+ 1 This shows
that ' ' '
{HJ e NID) ‘ ek_’<a:,y> > Ek’—za} = TCAYY .
Then, by Remark 1.23 part (2) we have that
TCP = ﬂTCAi’yij’“ij = ﬂ{:v € Np | " x i) > ¥ ay )
(2 i,J
This finishes the proof. By taking a;; = 0 for each pair ¢, j we obtain (2) part (b).



38 HERNAN IRIARTE

Let us now prove (2) part (a). First, we can write each o; in the form

oi =[x € N | {z,yi;) = 0}.
j

Then, if ¢ <4’ we have o; C o, and hence x;; € oy for each j, so we get (x4, yirj7) >0
for each j', and we conclude that

" e yp ) >0 Vi, g, 5
So, applying (2) part (b) we have
elzij € (= € Np | €7z, ;) > 0} = TCS
i,J
which implies conep ({szw}w) C TCS. We prove now the other inclusion. For this
take x € TCS. We have to construct \;; = )\g-)) 4+ 4 E(kfl))\l(-jl?_l) € D~ such that

T = E )\ijalxij.
/[:7j

Without loss of generality we can assume
(4.1) {:Uij}j g {xi/j}j for ¢ S i/
otherwise we add the generators of o; to ;. Write z = 2(0) 4+ g2 ... 4 gh=1p(k=1)
For 9 > 0 small we have
O ecoy, 204620 ey, 2O 4. g5 gD egy
Denote by 79, 71, . . ., Tk—1 the faces of 0, 01, . . ., 0_1 respectively containing z(©), 2(?) +
Sz, 2O 4.4 §k—15(k=1) ¢ 5. in their relative interior. As each vertex of 7; is a
vertex of o; we have
T; = COneR ({:UU}J M Ti) .

Hence, as z(¥) € 7 and

T0 = Z Aojzoj | Aoj € Rso

Zoj €70

there are )\(()(j)-) € R< ¢ such that 20 = Zwojem /\(()(;)xoj. Now as 79 € 11 we can consider

71/70 = (71 + spanTy)/span Ty as a cone in Ng/span7y. Then, as 2O + 6520 e 7 we
get [0 + 62M] € (11 /79)° so [V] € (71/79)° and as

(T1/70)° = D Aijlzis] | doj € Rsg

T1;E€T1
there are )\gg) € Rsg such that [z(V] = lejen )\gg) [1;]. Lifting this equation to 7;
there are )\(%-) € R such that
56(1) = Z )\g(]))l‘lj + Z )\(%).’EOJ

T1;E€T1 x4 E€TO
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In a similar way, 71 C 75 so we can consider 71 /5. As 2O + 52D 4+ 5223 € £, and
20 4 520 € 71 we get [¢?)] € (r1/m)° from where there are )\g;) € R-¢ such that
(2] = ij e )\gi-) [x2;]. Lifting this equation to 7o we get )\%) € R and )\é? € R such
that

1@ = 3 A0+ 3 AW+ S AP

$2j€T2 121]'67’1 :D()jETO

Continuing in this way we have constructed \;; = )\5?) + -+ g(k=1) \(k=1)

ij
that .
x = Z Xij€'wij
/L‘?j

as we wanted. This finishes the proof of (2) part (a).
Now, (1) part (a) follows from (2) part (a). For this, given the polytope P; =
convg ({z;j}i) € Nr consider the cone

P; = conep ({(z45,1)}i) € Nr x R.
In this way, we obtain a flag of polyhedral cones
P:RCP C---Ch .
By (2) part (a) we have TCP = conep ({e(45,1)}ij), hence

€ D¢ such

TCP x {1} = TCP N Np x {1}
= conep ({5i(:vij, 1)}1]) N Np X {1}
={z € Np | (z,1) € conep ({e"(zi;,1)}i;) } x {1}

= Z)\ijxijgi € Np /\ij > 0 for all 1,7 and, Z /\ijEi =1, X {1}

= wconvp ({ €43 4] }1]>

Two immediate corollaries are the following.

Corollary 4.3 (Base change principle). The real polyhedra (resp. real polyhedral cones)
in Np correspond exactly to the tangent cone of polyhedra (resp. polyheral cones) in Ng.
In explicit terms.

(1) Given a finite subset X C Nr we have
conep X = TC* ! coneg X.
(2) Given y1,...,yr € Mg and ay,...a, € R we have
{reNp|(y,z) >ar,....(yr,x) > ar}
=TC* 1z e N | (y1,2) > ay,...,(y,,x) > a,}.

Which in particular if a; = 0 for all i, gives us an equality between polyhedral
cones.
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Proof. This is simply the case in which we take a constant flag in Theorem 4.2 above. [

Corollary 4.4. Given a polyhedral P in Np, the following are equivalent.

(1) P is strongly eR-rational.

(2) P=TCF'P for P: P, C--- C Py a sequence of real polyhedra in Ng.
Moreover, if P is a polyhedral cone then, this are also also equivalent to the fact that P
is finitely generated by elements of the form 'z with x € Ng.

Proof. This is a restatement of Theorem 4.2 above. O

Semi-real polyhedra appear naturally as faces of real polyhedra as the next proposi-
tion shows.

Proposition 4.5. Let P be a polyhedron in Ng. Then, the faces of TC*~'P in Np are
given exactly by the sets of the form TCF for a flag

F:FCFHC---CFp
where each F; is a face of P in Ng.

Proof. We start proving that each set of the form TCF is a face of TC*~1P. For this
let NFr P be the normal fan of P. The flag of faces F correspond to a flag of cones

002012 20k-1
in NFr P, in which 0,41 is a face of o; for each ¢. Now, take y(o),y(l), e ,y(k_l) € Mg
such that for each § > 0 small enough we have
(4.2) v ey, yO+6yM eop s . YO 4. 4 5F Ly € gy

and consider y = y(O 4. .. 4 =Dy (k=1) ¢ Np - We claim that y defines TCF as a face.
For this given z = 20 + ... 4+ e(+=Dz(k=1) = Ny consider

(y,z) = <y<o>’$<o>>+5<<y<o>,x<1>>+<y<1>7x<o>>) I B TR
i+j=k—1

In order to minimize this expression for z € TC* 1P we need to first find the z(¥

which minimize (y(© ,z(®), then between those z(°) we need to minimize (y© , z(M) +

(y™ 20 and so on.

To minimize (y(o) ,x(0)>, as we have y(©) € o;,_; we have to take z(9) € Fj,_.

To minimize (y©  zM) 4+ (yI 2©) we will minimize simultaneously (y(©  z()
and (y™) | z(9). Notice that we already minimized (y(©) () so (y(©@ (1) attach its
minimum iff

Sy @ 2y 4 (yO 2Oy = (5O 70 4 550
achieves its minimum, which happens iff (0 +62(1) € 4_;. In the same way (y(1) | z(0))
is minimized exactly when

5y, zOy 4 (5O Oy = (5O 4 5y (1) 5(0)y

achieves its minimum, which happens iff 2(°) € o4,_,. Therefore, (©) , 2+ (1)  20))
is minimized when 2(? + §z(Y) € 041 and 2(© € ¢j,_y simultaneously.
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In general, we want to minimize » (3@ 20} given that we have minimized

i+j=r
ZiH:s(y(’) ,29)) for every s < r, and even more, we know that the minimum in
> +j:8<y(i) ,z9)) is achieved exactly when each term has been independently mini-
mized. Let us prove that, under this conditions, ), H:r(y(i) ,29)) is also minimized

when each tearm is independently minimized, and the minimum in the term (y® , z(7))
is achieved exactly when

7@ 4520 4.4 50) ¢ Fy_1_; for every small enough 6 > 0
For this, notice that (y* ()} is minimized iff

is minimized, because if one expand this, then each term is constant except the term
6 (y@ 20y As y© 4 5y© ... 4§79 € o_;_;, we have that the minimum is
achieved when (@ 4 §z() 4 ... 4 §720) ¢ Fi._1_; as we wanted.

In conclusion, (y,z) is minimized iff we have 2O 4 520 4.4 5720) € B, for
every i,j with i + j < k — 1 and § > 0 small enough, which happens iff

Hence, TCF is the face defined by y as we wanted.

Conversely, take an element y = 3(©) +-ey( 4. .. 4k~1y(k=1) ¢ My Then, it needs to
defined a flag of cones in the normal fan of P as in equation (4.2). Then, the argument
above shows that y defines the face TCF. Hence, every face of TC*~1P is of the form
TCF for some flag of faces F. This finishes the proof. O

This gives us an understanding of the combinatorial type of a real polyhedron: Its
lattice of faces is the chain poset of length & (see [Joh18] for the definition) of the lattice
of face of the underlying rank 1 polyhedron.

4.2. R-Rational Polyhedra. Recall that an R-Rational polyhedron P is a polyhedron
for which there are y1,...,y. € Mg and aq,...,a, € D such that

P:{ylzala---ayrzar}-

The objective of this section is to give a new description for the normal fan of an R-
rational polyhedron, and use it to understand the combinatorial behavior of the iterated
fibration determined by the polyhedron.

First, we will start by introducing the concept of a layered polyhedral complez, these
are sequences of real polyhedral complexes in which each term subdivide the previous
one. The first example of such a layered polyhedral complex we will present is the
layered normal fan of an R-rational polyhedron, which we introduce in Proposition 4.7.
Later, in Theorem 4.9 we show how it is possible to recover the usuan normal fan of
the polyhedron from its layered normal fan by a tangent cone construction.

Definition 4.6. A layered polyhedral complez is a sequence of real polyhedral complex
of the form

DD B N e SRR 3 S
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where all ¥; are polyhedral complexes in Ng of the same support and ¥;;; is a subdi-
vision of ¥; for each 0 < i <k — 2. A layered face of X is a flag of faces

F:F, 1 CF,2C---Chy

with F; € ¥; for each i. The support of X, denote by |X|, is defined as the support of
|3;] for any i. A layered polyhedral complex in which each term is a flag is called a
layered fan.

Proposition 4.7 (Layered Normal Fan). Let P be an R-rational polyhedron with a fized
non-redundant representation

P={xeNp|lyi>ai,....,yr > ar}.

We can construct a sequence of fans in Mg, which we call the layered normal fan of P
and denote by

(43) A(P) = AO < Al <. = Ak—l,
in the following equivalent ways:
(1) e Ag is the normal fan of the real polyhedron PO

o Ay is constructed by the following process. Given a cell o € Ag, there
is a face F of P such that o is the normal cone C(F). Given a point
xo € int(F), the fiber PE)] is a real polyhedron such that \NF(PE)]H = C(F).
Then, NF(PE)]) is independent of the xg chosen and A1 is obtained by
replacing C(F) by NF(P;%]) for every face C(F) € Ag.

o Similarly, Ao is constructed as follows. Given a cell o € Ay, there is
a point zy € PO such that o is the normal cone C(F) of a face F of
Pa[;})}. Given a point x1 € int(F'), the fiber P:£10]+8$1 s a real polyhedron such

that |NF(P5£§+”1)| = C(F). Then, NF(PM ) is independent of the x1

ro+eTy
chosen and Ay is obtained by replacing C(F) by NF(PE)]JFEM) for every face
C(F) ISYAN P

Continuing in this way we construct A; for every integer 0 <i <k — 1.

(2) For § € Rxy, the normal fan of the polyhedron
Py(8) = {x € Ny

0 1 i (1 .
<y,x>2a§-)+5a§)+-~+5a§-), Vlgjgr}
is independent of § if it is small enough. Then, we let A; to be this fan.

(3) A; is the fan in Ng whose faces are the sets of the form coneg(S;(z')) as 2’
moves along P, where

Si(z) = {yj € Mg ’ 1<j<rand (y;,a) :ag-i]}.
In particular, from (1) we see that A; is independent of the representation of P and
that A;11 is a subdivision of A;.
Moreover, given a sequence of normal fans in Ngr of the form

A:Ag = =2 Ap,
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all of them with the same support, there is an R-rational polyhedron P C Np such that
A=A(P).

Remark 4.8. Notice that, by the first definition that we present for the layered normal
fan, we have an explicit algorithm to understand the combinatorial structure of the

fibers ngi} from the layered normal fan of P.

Proof of Proposition 4.7. Let us denote by Agl), AP and A®) the fans constructed in

7 7

(1), (2) and (3) respectively. We need to prove that all of them are equal. Let us start
by showing that AgQ) equals Agg). For this, given § € R+ we consider the map
Y5 : D — R

As this is an R-linear map, by extension of scalars and composition, this map naturally
extends to a map Np, — Nr which we still denote by 5. We can now write

P(8) = {z € N | (y;.,2) > vs(al), v1<j<r},

and we have

ze Pl — <yj,wm> >qll w1 <j<r
= zﬁg((y,xm» > zbg(am), V1<j<r Vd>0small enough (By Remark 1.1)
— (y,¢s (a:m)> > s (am), V1<j<r Vé>0small enough (By R-linearity)
< 1s(x) € Pi(d), V4 >0 small enough.

Thus, for all § € Ry small enough we have 5 (P[i]) C P;(6). Now, given a point

z € P as y5(x) € Pi(8) we can consider the cell of AZ@) of the form C(F), where F is
the face of P;(0) such that ¢5(z) € int(F'). By Proposition 3.14, if we consider

Sis@) = {yea | y.a) =vs(hn)) }

then C(F') = convg (51'75(1/}5(1'))). Moreover, by Remark 1.1, for § € R+ small enough
we have

Sia(s(@) = {ye A [ ,o) =vs(b)) } = {ye 4| w,2) =nw) } = si().

This shows that each cell of Al@ belongs to AZ@), as both fans have the same support
(

we conclude that they are equal. In particular, Af) does not depend on § when it is

small enough.

Now, let us see that Agg) is also equal to Agl) and A,Ez).

(1) If ¢ = 0 then Aél) equals Agf) by definition.
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(2) If ¢ = 1 then, to construct A(13) we need to take for each cell C(F) € A(()?’) a
point zg € int(F') and consider

xGNR|x0+€xEPm}

{$€NR| (yjw0) +e(yj, ) > oV + aV Vlgjgr}
{xGNR| (yj, @ )ZaE») V1 < j <r such that (yj,m0>:a§.0)}

= {:L’ € Nr | (yj,z) > ag-l) Vj such that y; € So(ajo)} .

Then, by Proposition 3.8 we have ]NF(PE]})\ = coneg(So(xp)) = C(F). More-
over, for z; € PE)}, if 1 € int(G) for a face G then the normal cone C(G) with

respect to PE)] is a cell of NF(PE)]). By Proposition 3.14 using the representation

for PE)] we have found above we have

C(G) = coneg {yj € Mg | (yj,x1) = oM with yj € So(xo)}
= conegr(Si(zo + £21)).
(3)
Hence, each face of A
they must be equal.
(3) The general case is similar. Suppose the result is true for i and let us check

it is true for ¢ + 1. By the induction hypothesis, a cell of Al(.?’)

(2)

is a face of A} and as they have the same support

is of the form

coneg (S;(zo+exi+- - -+e'x;)) for some xg, . .., z; € Ng such that zo+- - -+ela; €
Pl Then,
i1y . ) ,
i’;;']”%imi = {w € Nr | (yj,z) > a}“ Vj such that y; € Sj(zo+ -+ Elmi)} .
Hence, |NF( EOL eig,)| = coner(Si(zo + - + g'r;)) and for a point z;41 in
the fiber, if z;41 € mt(G) for a face G of the normal cone C(G) with respect to
Pa[:ﬂ—i-m—&-aix , then by Proposition 3.14 we have

C(G) = conegr {yj € Mr | (yj,2it1) = ot with yj € Si(xo+ -+ + E’xl)}
= coneg (S1(zo + - - -+ 'z + ez ).

Which is a face of Agi)l. Hence, every face of Ag_lgl is a face of Aﬁ)

have the same support they are equal.

, and as they

Finally, given a sequence of normal fans in Ng of the form
A:Ap = 2 Ag,

for each 0 < i < k — 1 we can consider a polyhedron P; in Ny such that NF(FP;) = A,.
If

PZ-:{Q:ENR|ija§»i),V1§j§T},
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for some y; € Mg, ay) € Mg. Without loss of generality, we can suppose that
{y1,...,yr} is independent of i. Then, we can consider

P = {x € Np ‘yj > ag-o) —}—5a§-1) + ... +€(k—1)a§k_1), V1< < r} .
Then, we have that A; = A;(P) for each i. Indeed, it is enough to prove that if
0:00 C 91 C - C g

is a sequence of faces with §; € A;, and d; = convgr(Sp, (z;)) for some z; € P;. Then, for
xr=x0+ex+ -+ lxp_ € P we have

(4.4) 0; = convg (S,L'7P(LBM))

for each 0 <i < k—1. Because, if we prove this, then each face of A; is a face of A;(P)
and as they have the same support we are done.

We will prove the equality in (4.4) by induction on ¢. If ¢ = 0 this is trivial. For
1> 0, as

Spi (s(al™1)) = {yj € Sp,(¢s(2")) ‘(yj () = aﬁ-ﬁl)}
for § € R5 small enough, we have
Siv1,p(z) = {yj Mg |1<j<rand (y;,z) = agiﬂ}}
- {yﬂ' € Mg [1<j<r y;€8p and (y;,z) D = a§i+1)}
- {yj € Mg |1<j<r, y; € Sp(s(alh)) and (y;,2)0+V) = a§i+1)}
= {w € M [1<5 <7 g5 € Spsla™) and Gy, 0 )) = a7 |
= Spy (Ys(al 1))

g

Theorem 4.9 (Local Duality). Given an R-rational polyhedron P, we can recover the
normal fan of P from the layered normal fan as
NF(P) = TCA(P).

In the sense that, NF(P) is the fan consisting of all the polyhedral cones of the form
TCS where

0: 01 C ok Cog

s a layered face of A.
Proof. Fix a point € P and a non-reduced representation P = {y; > ai,...,y, > a,}.

Using x, we can construct a face of NF(P) by considering the normal cone C(F') of
the face F' of P such that = € int(F').

On the other hand, using the same x, by the definition in part (3) of Proposition 4.7
we can construct a layered face d(x) of A(P) by

d(z): coneg (Sg—1(x)) C -+ C coneg (So()).
To prove the theorem, it will be enough to show that
C(F) =TCé(x).
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In order to do this, notice that by Proposition 3.14 we can write C(F') as
C(F) = conep (5k_o‘1y1, - ,ek_o”yr>

where a; = 0rd(<yi ,x) — ai), i.e, oy is the biggest integer in {0, ..., k} such that

1 _ agaifl]

6k—ozi <y2 ,l‘) — ek—aiai — <yj 7x)[oéi— < y; € Saifl(x)-

Hence, we can write this normal cone as

C(F) = conep (IU {77 | v e &(m)})

k—1
= conep (U {8iyj } yj € Sk—1—z‘(33)}>

i=0
which is exactly equal to TCd(x) by Theorem 4.2 part (2). This finishes the proof. O
Remark 4.10. In particular, we see that the normal type of an R-rational polyhedron,

that is, the information encoded in its normal fan, is equivalent to the data of a sequence
of length k normal types of real polyhedra each of them refining the previous one.

4.3. Regular Subdivisions. In this section we will extend the notion of regular sub-
division of a polytope to the polyhedral geometry over ID. Moreover, in a similar way as
we did in the previous section, we will study how this concept relates to layered reqular
subdivisions, which are defined in analogy to the layered normal fans of the previous
section.

Using the extended perfect pairing of Definition 1.12 we can introduce the following
concept.

Definition 4.11 (Regular subdivisions over D). Consider a finite subset A C Mp, a
function h : A — I, which we refer to as a height function on A, and the polytope
P = convp(A).

(1) The lifted convex hull of A is the set

conviy(A) := convp{(a,h(a)) € Mp xD | a € A} C Mp x D.
(2) The regular subdivision of P with respect to h, denoted by A(P), is the family
AMP) = {7r (face(Ll)(conv]%)(P))) ’ x € ND}
= {W(F) ‘ F is a lower face of convi(A) },

where 7 : Mp x D — Mp denotes the projection to the second coordinate. That
is, A"(P) is the projection of all the lower faces of convi(A) to Mp.

Proposition 4.12. The regular subdivision AP(P) is a polyhedral complex and the
restriction of Mp x D — My to the set of lower faces of A"(P) is injective and has P
as image.
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Proof. We start by proving that the set of lower faces of conv]%)(A) is a polyhedral
complex. For this, consider two lower faces F' and G of convﬁ)(A). They are of the form

F = face(zJ)(convﬁ(A)) and G = face(x/’l)(conv]%)(A))

for some z,2" € Np. If FNG # @ then every element (y,y9) € F N G minimize
simultaneously ((y,yo), (z,1)) and {((y, o), (z’,1)). Hence, the minimum of (-, (z,1) +
(2',1)) is achieved if and only if both (-, (x,1)) and (-, (2/,1)) achieve their minimum
simultaneously. This shows that

FNG= face(x,l)Jr(I/J)(conv]%(A)) = face(%zlvl) (convi(A))

which is a lower face.
Similarly, if F is a lower face of conv’(A) and G is a face of F', then

F = face(mjl)(conv]%(A)) and G = face(x/,mo)(conv%(A))

for some 2', 7 € Mp and zo € D. If xg is invertible then G = face(, /4 1) (convit(A)), so
it is a lower face. If xq is not invertible then 1 + x¢ is invertible and then

G=GNF= face(%l)ﬂx/’mo)(conv]%)(A)) = face(zﬂf 1)(conv]%)(A)).

1+zq?’
Hence, G is a lower face as well in this case. This finishes the proof that the set of lower

faces defines a polyhedral complex.
Now, notice that the restriction of
T M]D) xD— M]D)
(x,a) — x
to the set of lower faces gives a bijection onto conv]%)(A). Indeed, if we have a lower face
F = face(, 1)(conv}s(A)) containing an element (y,) € F, then

<(y7y0) ) (QZ, 1)> = <y7$> + %o

should be minimized among all (y,yo) € convl(A), in particular we should have

Yo = min {y' eD ‘ (y,9) € conv%(A) } ,

hence yq is uniquely determined in terms of y and the map is injective.

This shows that A”(convp(A)) is a polyhedral complex, as it is the injective image
of another polyhedral complex and by Proposition 1.27 the image of a polyhedron is a
polyhedron. O

In this way, we have introduced the concept of regular subdivisions for a polytope over
D. In the next proposition, we introduce the concept of a layered regular subdivision
in several equivalent ways.

Proposition 4.13 (Layered Regular Subdivisions). Let A C Mg be a finite subset of
real vectors and consider a height function
h:A—D

ar— hy) = r(©) (y)+---+ €k71h(k71)(y).
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We can construct a sequence of subdivisions of convg(A)
(4.5) AM(convg(A)): Ag = Ap < -+ < Ay

in the following equivalent ways:
(1) A is the regular subdivision of convg(A) induced by KO and, for0 <i < k-1,
A; is the subdivision of A;_1 obtained by subdividing each cell 5 € A; by the
reqular subdivision induced by the height function

K |5:0NA—R
y— h9(y)
(2) A; is the regular subdivision defined by the height function
B +6pM 4. 4500 A — R

for 6 € Ryg small enough.
(3) Given an element x € Ny, for each 0 < i < k — 1 consider the set

S} (x) = arg.minge 4 {(y , 21) + Al (y)} € A.
That is, Szh(x) is the set of all y € A for which the expression
(y, )+ h(y)
is minimal among all y € A. The subdivision A; is the one whose cells are the

real polyhedra of the form convg(SH(x)) for some x € Np.

Notice that, by item (3) above, A;i+1 is a refinement of A; and, by item (2) above,
A; is a reqular subdivision for each i. Conversely, any sequence of reqular subdivisions
in which each term is a refinement of the previous one is a layered reqular subdivision
for some height function.

Proof. Let us call A}, A? and A? the subdivisions defined by (1), (2) and (3) respectively.
First, let us see that A% and A? coincide. For this, given § € Ry consider the map

¢5 :D—R
xr— 2 402 4. 4 gE 1k

This map is R-linear and extend to a map ¥s : Np — Nr. Moreover, for a given x € Np
it satisfies

(4.6) SH(x) = S7=°" (vs(x))

for 6 € R small enough. As we need only finitely many = to cover all the sets of the
form S?(x), we can take § > 0 small enough so (4.6) holds for every set in A%, As A? is
exactly the regular subdivision induced by the height function 15 o h we get Al = A%.

We will now see that Al = A3. By definition A} = AZ so we are done. This is true
by definition if ¢ = 0. Now, if ¢ = 1 we have that

(y, ) + h(y)™
is minimal with the lexicographic order among all y € A iff we have that

(y,2) @ + rO(y)



HIGHER RANK POLYHEDRAL GEOMETRY I: GENERAL THEORY 49

is minimal and, among the ones which are minimal, that is, among S}(LO) (2(9), we have
that

(o)™ + M (y)
is also minimal. Hence, we get that

(1) ’

)
Sit () = st ) 2() (=)
0

which shows Al = A3. In a similar way, we have

i41]

[ i (i+1) i
S (2l Uy = s ()

S_h[Z] (xl]y

3

so Al = A3 follows by induction.

Finally, take a sequence A”(convg(A)) of regular subdivisions of convg A in which
each term is a refinement of the previous one. By Theorem 2.4 in [GKZ08], if we consider
A = {0}, to be the normal fan of the secondary polytope of A, then, the sequence of
subdivision A"(convg(A)) in (4.5) correspond to a flag of cones

o=00r=09 = ->0— 1

where each o;41 is a face of ¢;, and a height function h() defines A; iff it is in the
relative interior of o;. Hence, by taking h(?) in the relative interior of o; for each i, we
get that

hi= B0 4 eh® 4oy k1Y)
defines the layered regular subdivision A" (convg(A)). O

Now, given a set A C Mg of real vectors and a height function h : A — D we
can construct two different objects: A regular subdivision for convp(A) and a layered
regular subdivision for convg(A4). The exact connection between these two objects is
given in the following theorem.

Theorem 4.14. Consider a finite set of real points A C Mg and a height function
h:A—D. Then, we have an equality of the form

AP (convp(A)) = TCA" (convg (A)).

In the sense that, the elements of A(convp(A)) are exactly the polyhedra of the form
TC(F) for

F:F, 1 Cl,oC---Clky

where F; is a face of A; for each i.

Lemma 4.15. Given an element x € Np and a € A. The integer
3= ord(<a @)+ h(a) = min ((b,2) + h(b)))

is the mazimal integer in {0,1...,k} for which a € Sg_l(x).
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Proof. 1f 5 = ord((a ,x)+h(a) —minyea ((b, z) +h(b))) then /5 is the maximal element
in {0,1,...,k} such that

"B ({0, z) + h(a)) = ek*ﬁ(xggg ((b,z) + h(b)))
_1]

= ((a,2) + h(@)?”"" = (min ((b,2) +h(b)))w = min (((b,2) + h(8))"")

— (a,z)!P"U 4 h(a)P~Y is minimal among all a € A

> acSh (x)

O
Proof of Theorem /j.1/. Given x € Np, we can define a face of A"(convp(A)) by
T (face(Ll) (convﬁ(A))) ,
on the other hand, the same z defines a layered face in A"(coneg(A) by
F(z) : convg (St ,(x)) C --- C conve(SH(x)).
In this way, it is enough to prove that
(4.7) T <face(x,1)(convfﬁ)(A))> =TCF(z)
For this, from Proposition 2.10 we have
face(m,l)(convﬁ)(A)) = wconvp ([5’“_5“(61, h(a));k —Bd] | a € A)
= 7 (face(z,l)(convﬁ(A)D = wconvp ([6k_5aa; k—Ba |ac A)
where
fa = ord({(a, h(a)) , (z,1)) — ¢) = ord({a, z) + h(a) — )
with ¢ the minimum of (-, (z,1)) on conv(A). As this minimum must be achieved in

one of the generators of conv/i(A), we have ¢ = minyea ((b,2)+h(b)). Then, by Lemma

4.15, B, is equal to the maximum integer such that a € Sga_l(:n).
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On the other hand, by Theorem 4.2 we can write explicitly TCF(z) in term of the
generators of F(z) and we get

TCF(xz) = wconv ([Eia; q ‘ i€{0,...,k},a € S,?_l_i(x))

— k-1

=30 D daaae T A > 0VaVi, and Y Y Agae =1
=0 ae St (x) =0 ae St (x)

- { Y ahage P Aap, 1B A0
acA

Aai > 0VaVi, and Y Agg,e¥ P X 5, 1eF P b N ge Tt = 1}
acA

S

acA

e = 0Va, and Zua{fk_ﬁ“ = 1}
a€A

= wconvp <[ek_ﬁ“a; k — Ba)

aeA)

Where, for the third equality we factorized by a and for the fourth equality we did the
change of variable
Ha = )\aﬁa + )\a,ga,p‘: + ... )\a70€k_1.

In this way, we have shown the equality in (4.7) as we wrote both sets in the same way.
O

4.4. Higher Rank Tropical Hypersurfaces. This section gives a first set of applica-
tions of the theory of polyhedral geometry of higher rank to tropical geometry of higher
rank. After introducing the basics objects of the theory, in Proposition 4.20 we show
that higher rank tropical hypersurfaces can naturally be regarded as iterated fibrations.
This fibration is studied in the Hypersurface Duality (Theorem 4.27). Where we show
that the base and each fiber of a higher rank tropical hypersurface consist of tropical
hypersurfaces of rank one, moreover, the normal type of these tropical hypersurfaces is
encoded in a layered regular subdivision of the Newton polytope. Finally, in Theorem
4.32 we put a polyhedral structure over D on higher rank tropical hypersurfaces which
is compatible with the Hypersurface Duality previously presented.

Definition 4.16. The tropical semifield of rank k or min-plus algebra of rank k, is the
semifield

T, = (]D)U {c0}, min, —i—),
were we consider by addition the map (a,b) — min{a, b} and by multiplication the map
(a,b) — a+b.

An expression in Ty will be written between quotation marks and with the usual
symbols + and -, for example,

n
“ inyi” =min{z; +y; |i=1,...,n}.
i=1
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Remark 4.17.
(1) In general, for any ordered abelian group (I',+) one can consider its associated
tropical semifield
Tr = (I'U {oc}, min, +).
In this way, T}, corresponds to the case in which the ordered group is (D, +) or,
equivalently, (R¥, 4) with its lexicographic order.

(2) In Ty, the element co becomes the additive identity as we have min{oco,a} = a
for every a € Ty. Similarly, 0 becomes the multiplicative identity in Ty. For
these reasons we have equalities of the form

“a,:_'_y” — té0m+0y+m77‘

In particular, the coefficient of z in “x + y” is 0 and not 1.

Definition 4.18. Given a lattice M, the ring of Laurent tropical polynomials on M is
the set Tx[M] of all formal sums of the form

f — “ E ame b
meM

whose support
Supp(f) = {m € M | ay, # oo}
is a finite set. We endow Ty[M] with the semiring structure induced by Ty.

Let N be the dual lattice of M. A non-zero tropical polynomial f = “ >° - a,T™”
defines a map from Np, the tropical torus of rank k, to D by

f: Np — D
x+— f(z) =min{(m,z) + an, |me M}.

Definition 4.19. Consider a tropical polynomial f = “ )" apT™” € T[M].

meM
(1) A point x € Np is said to be a zero of f if the minimum in
f(z) =min{(m,x) + an, | m € M}

is achieved at least twice. The set of all zeros of f is denoted by V(f) and is
called the vanishing set of f.

(2) A tropical hypersurface of rank k is a set of the form V' (f) C N« for a nonzero
tropical polynomial f € Ty[M].

Notice that the projections D = D, — Dy = ... — Dy induce, by applying them in
each coefficient, the projections
Ti[M] 5 T [M] S ... 5 T1[M]
S I RN L)

Using these projection we can get a natural fibered structure on the tropical hyper-
surface V(f).
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Proposition 4.20. For each tropical polynomial f = “ %\ a,T™" € T[M], the
mmage of V(fm) under Np, , — Np, goes inside V(f[i_l]). In this way, we get an
iterated fibration

V(f) = V(f[k]) N V(f[kfl}) e V(fm).
Given a point x € V(fm) we denote by V (ﬂ“‘”) the fiber of V(f) at x in this fibration.

Proof. Notice that for a given z € Np,_,, ifz € V( f [i]) then fl(z) achieves its minimum
in two elements (m ,x) + a,, and (n,x) + a,. That is,

i (z) = (m,2) +all] = (n,2) + af]
from which
FE ) = 27 4 alf Y = (2l ) 4+ alf .

Hence, =1 (zli=1) also achieves its minimum at least two times, so 2"~ € V(f[i_ll).
O

In order to understand this fibration we introduce the following elements.

Definition 4.21. Consider a tropical polynomial f = “ " . a,T™" € Ty[M].

(1) The R-Newton polytope of f is the real polytope defined by

Newg(f) = convr(Supp(f)) C Mg
Similarly, we introduce the D-Newton polytope of f by

Newp(f) = convp(Supp(f)) C Mp

(2) Given an integer 0 < i < k — 1 and an element x € Np,, the i-initial part of f
with respect to x is the tropical polynomial

i (f) =< > alfHTm e T[M].

€T
me_M
(m ) +akil=flil (2)

Where, for ¢ + 1 = k we will use the convention

n

0 ifay, #
o) — { 7

oo if ay, = 00.

(3) The height function

h:Supp(f) — D
m— G,

naturally induce a layered regular subdivision on Newg(f) which we denote by
A(f) and a regular subdivision on Newp(f) which we denote by A(f).

Remark 4.22.
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(1) By definition (3) on Proposition 4.13, the layered regular subdivision A(f) is
defined to be the one whose layered faces are of the form
F(x) = convg(Supp(ing'(f))) C --- C conve(Supp(ing(f))).

where x moves over all elements x € Np. Hence, A(f) encodes all the possible
values for the vector

(ind(f), ing (), -, ing~* ()
as x moves around Np.
(2) By Corollary 4.3 we have
Newp (f) = TC* 1 Newg (f).

Moreover, by Theorem 4.14 this equality can be lifted to an equality of subdi-
visions of the form

A(f) = TCA(f).

The first important result of this section is the Higher Rank Hypersurface Duality
Theorem below, which states that the layered regular subdivision A(f) obtained by
using as height function the coefficients of f, allow us to obtain the normal type of both
the base and the fibers in the iterated fibration of Proposition 4.20.

In order to introduce this, let us recall the following concept.

Definition 4.23. Given polyhedral complexes ¥ in Mp and ¥’ in Np. A duality
between ¥ and ¥/ is a map A : ¥ — Y/ such that
(1) The map A is a bijection.
(2) Given faces F,G € 3, whenever F'V G exists we have that A(F) A A(G) exists
and
A(FVG)=AF)NAG).
(3) Similarly, given faces F, G € X, whenever F'AG exists we have that A(F)VA(G)
exists and
A(FANG)=AF)VAG).
(4) For each F' € ¥, A(F) is orthogonal to F' in the sense that
(w,y)=0,Vr e FyecF
Because of properties (2) and (3) we say that A preserves incidences.
Remark 4.24.
(1) Given F,G € ¥ we have F < G iff A(G) < A(F). Indeed,
F<G < FANG=G < AG)VAF)=A(G) < A(G) 2 A(F).
(2) In the case in which ¥ and X' are real polyhedral complex, i.e, in rank 1. We
have that
dim(F') = codim(A(F)).
Indeed, a maximal flag
Fo = % Fyiey = F
gives rise to a maximal flag

A(F) = A Fygipr)) = -+ 2 A(Fp).
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Let us recall the following fact from the usual theory of tropical geometry. For a
proof of this result, we refer to [MS15] Theorem .

Theorem 4.25 (Hypersurface Duality). Given f € T[M], if we denote by A(f) the
reqular subdivision of New( f) induced by the coefficients of f. Then, there is a polyhedral
complex GC(f), called its Grébner complex, whose support is Np and whose cells are
parametrized by the faces F € A(f). Explicitly they are given by

GC(F) = {x € Ng | conv(Supp(ing(f))) 2 F}.
Moreover, the map
A A(f) — GC(f)
F+— GC(F)

is a duality in the sense of Definition /.23. Furthermore, if we restrict A to the elements
of A(f) that are not points we obtain a subcomplex X(f) of GC(f) whose support is

V().

In a explicit way, to obtain the shape of the tropical hypersurface we have to

(1) Do a point reflection of A(f).

(2) Consider one point xp for each facet F' of the reflected A(f).

(3) Join the different points according to the incidence of A(f).

(4) Draw a cone pointed at xp perpendicular to each face of F' laying in the bound-
ary of the Newton polytope.

Example 4.26. If f = “72%y? 4+ 522y + 5xy? + 4wy + 22 +2y +07 then, the subdivision
A(f) of New(f) looks like

A(f) =

If we do a point reflection of it we get

Hence, the shape of the tropical hypersurface in this case is
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Theorem 4.27 (Higher Rank Hypersurface Duality). Let f € Typ[M] be a non-zero
polynomial and consider

A(f) =80 A1 = 2 Ay

the layered reqular subdivision induce by f over New f. Then, we have that:

(1) The base V(f[o]) is a rank one tropical hypersurface with the structure of a
polyhedral complex dual to the first subdivision Ag.

(2) For each z € V(f[o}), the fiber V, (f[l]) is also a rank one tropical hypersur-
face. Moreover, V, (fm) remains constant as x varies over the interior of a cell
GC(F) C V(f[o]) for some F € Ay and the normal type of V, (f[l]) is dual to
the subdivision A1 restricted to F'.

(8) More generally, for each x € V(fm), the fiber Vw(f[i“]) is also a rank one
tropical hypersurface. It remains constant as x varies over the interior of a cell
GC(F) C V- (f[z]) for some F € A;_1 and the normal type of V, (f[“'l}) is
dual to the subdivision A;y1 restricted to F.
Example 4.28. Consider k = 3, M = Z? and the polynomial
F(z,y) = (0,1,2) + (0,1, D+ (0,1, 1)y + (0,1, 2)ay + (0,0,0)2” + (0,0, 0)y”

The Newton polytope of f is New f = convg((0,0),(2,0),(0,2)) and its associated
layered subdivision is the following:

SN R B

~———— —— ——
A A As

After a point reflection it becomes

NN X

Therefore, the base of the fibration V(f[l) has the shape

And over each point of the base, there are 4 possible shapes for the fibers of V(f[]),
represented in the following diagram:
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Moreover, each of these fibers is the base for a fibration determined by V(f1¥). All
the fibers of this fibrations will have the shape of the corresponding tangent cone, with
the exception of one fiber, the one corresponding to the subdivision of the square, which
we sketch as follows:

/

Proof of Theorem 4.27. The subdivision A corresponds to the regular subdivision in-
duced by the coordinates of fI. Hence, part (1) of the theorem follows directly from
the hypersurface duality of rank one (Theorem 4.25).

In order to prove (2), let (® € V(fI), then Vo (f1!) is the set of all () € Ng
such that

i

2O 4 ez € Np,.
Therefore, if we consider the polynomial

o ()= > e

meM
FOl (@) =(m ,&(©)+al)

we see that (0 + ez is a zero of fI1 if and only if (9 is a zero of fI% and 2™ is a
zero of ini(o) (f). Hence, we obtain

Vo (1) = V(in ) (£)).

As New(ing(o) f) = F, again by the original hypersurface duality, we get that V(ing(o) f)

is dual to the regular subdivision induced by the height function m a%)’ which, by

Proposition 4.13, is exactly Aj.
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The general case follows similarly as one can show that

Vo (FFY) = viind , £).
]

The objective now is to put a polyhedral structure on V(f) which is dual to the
layered regular subdivision of its Newton polytope in a natural way. Generalizing to
higher rank the polyhedral part of Theorem 4.25. For this, we will introduce the analog
of the Grobner complex in higher rank.

Definition 4.29. Given a layered face F' € A(f) of the form
F:FyCF C--CFp
where F; is a face of A; for each i. We consider its corresponding Grobner cell as
GC(F) == {z € Np | convg(inl(f)) 2 F}, V1 <i<k}.
We will prove that the family of all Groner cells is a polyhedral complex. For this,
the idea is to consider the lifted Newton polytope
Newp ()" :== convl (Supp(f)) € Mp x D

used to define the regular subdivision as in Definition 4.11. We will show that the
normal fan of this polytope intersected with Np x {1} is again a polyhedral complex
and its cells are the Grobner cells.

We start with the following lemmas.

Lemma 4.30. Given a layered face F € A(f), we have that
z € GO(F) <= (z,1) e C ((Tcg)h) .

Where (TCE)" represents the only lower face of Newn(f)" which projects to TCF under
MpxD — D, and C ((TCE)h) C Np xD is the normal cone of this face. In other words,
we have the equality

GC(F) x {1} =C <(TCE)h> N Np x {1}.

Proof. A point € Np belongs to GC(F) if and only if the flag
F(x): Fo(z) C Fy(z) C ... Fy_1(x)
where Fj(z) = convg (Supp (in%(f))) satisfies F;(z) D F; for all i = 0,...,k — 1, and
this happens iff
TCF(z) 2 TCEF.
Moreover, if we consider the projection 7 : Mp x D — Mp then we have that
TCF = ((TCF)h)

and, by Theorem 4.14,

TCF(z)=m (face(%l) NeWD(f)h) :
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Hence, as by Proposition 4.12 the map 7 restricted to the set of lower faces of New(f)"
is injective, we conclude that TCF(x) O TCF happens iff

face(,,1) Newp(f)* D (TCF)".
Which by definition means (z,1) € C ((TCF)"). In this way we have seen that
v e QCO(F) « (2,1)eC ((TCE)")
as we wanted. g

Lemma 4.31. Let o be a polyhedral cone in Np x D and consider P to be the projection
of c N Np x {1} to Np. Then, the map
So — SP
T+—— (TN Np x {1})

1s surjective where m: Np x D — Np is the usual projection.

Proof. A face of P is of the form face, P for some y € Mp. Let us consider a =
mingcp(y,z). If we show that (y,—a) € oV we are done, as then we can consider
face(y,_q) o and this satisfies

face(y,_q) 0 N Np x {1} = face, P x {1}.

Let us see now that (y, —a) € o¥. For this, notice that

(4.8) ocNNp x {1} =P x {1}.
Moreover, as (y,x) > a for any € P we get

((y,—a),(x,1)) >0 for any =z € P x {1}.
Now, if we take (z,0) € ¢ with b € DZ, invertible, by the equality in (4.8), we have
x/b € P. Hence,

<(y7 —CL) ) (CE, b)> = b<(y7 —CL) ’ (CC/b, 1)> 2 0.
On the other hand, take an element of the form (z,b) € ¢ with b not invertible and
consider an element 2’ in P achieving the minimum of y, that is ((y, —a), (2/,1)) = 0.
Then, we can consider (2/,1) + (x,b) = (2’ + z,1+ ). Now 1 + b is invertible, so from
the previous step
0 < <(y7 _a) ’ ((ml + T, 1+ b))> = <(y7 —CL) ) (xla 1)> + <(y7 —CL) ’ (‘Tv b)> = <(y7 —CL) ) (.’L’, b)>
Hence, (y, —a) is positive in (z,b) for any (z,b) € 0. Therefore, (y, —a) € 0. O
Theorem 4.32 (Polyhedral Structure). The family

GC(f) ={GCE) | £ € A(f)}

s a polyhedral complex with support Np called the Grobner complex of f.
Moreover, if we consider only the layered faces of A(f) in which Fy_1 is not a point,
that 1is,

X(f)={GC(F) | F € A(f) and Fy_1 is not a point},
we obtain a polyhedral complex with support V(f).
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Remark 4.33. The Grobner complex GC(f) is exactly the subdivision of Np under
which the map

T — (ing(f), . ,inl;_l(f))

is constant over the interior of each cell. Moreover,

Proof of Theorem /.32. We will start by showing that GC(f) is a polyhedral complex.
First notice that, by Lemma 4.30, we have GC(F) = 7 (C ((I'C5)") N Np x {1}), which
in particular implies that GC(F') is a polyhedron for each F' € A. Moreover, given
E,F' € A(f), we can consider 'V F’ the layered face given by F; V F]. Then,

GC(E) N GO(F) == (¢ (Te(B)")) = (¢ (Te(E)"))

(
(Tc (B v TC(E’)h>>
((Tc (F)V TC(F’))h))

Therefore GC(F) N GC(F') = GC(F V F') € GC(f) and it is a face of both GC(F)
and GC(F") because C (Tc (FVEF') ) is a face of both C (Tc (E)h) and C (Tc (E)").

Finally, if H is a face of GC(F) we will show that H = GC(F’) for some F' €
A(f). For this, notice that by Lemma 4.31 there is a face 7 of C(T'C(F)") such that
TN Np x {1} = H x {1}. Now, given z € int(H) we have that (x,1) € int(7). Then,
face(y,1) New (f)" is a lower face of New(f)" with

C (face(x’l) New(f)h> =T

By Theorem 4.14, the projection of face(, 1) New(f)" to New(f) is of the form TC (E')
for some I’ € A(f). This F’ satisfies GC(F') = H.
With this we have prove that GC(f) is a polyhedral complex with support

. (‘NF (New(f)h)‘ N Np % {1}) — No.
In order to see that X(f) is a polyhedral complex, it is enough to notice that if
GC(F),GC(F) € GC(f) then Fj_; and Fj_, are not points, hence Fj_; V F}_, is
not a point, so

GC(F)NGC(F) = GC(F V F) € GC(f).

Similarly, if GC(F) € GC(f) and GC(F') is a face it, then F] ; DO Fy_;. Hence, F]_, is
also not a point, that is, GC(E’) € 3(f). This shows that X(f) is a polyhedral complex.

Moreover, let us see that the support of X(f) is V(f). If z € V(f) then we can
consider

F(x) : conv(Supp(iny ' (f)) € -+ C conv(Supp(ind(f))

T T
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and, as the minimum in f(x) is attained at least twice, we have that conv(Supp(in®~1(f))
is not a point. Hence,

z € GC(E(z)) € IB(f)],
and we conclude that V(f) C |X(f)|. On the other hand, if x € |X(f)| then there is a
face F' € A(f) such that x € GC(F). Hence,

Supp (iny ' (f)) 2 Fr1,
and as Fj_j is not a point, the minimum in f(z) is attained at least twice, so = €
V(f). O
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Sea (X, F) un espacio de medida, si f = % entonces ;ll: = 1ff
Solucién:
v f
(1) 17
) (1= f)dv = fdp
(3) dv — fdv = fdu
(4) dv = f(dv + dp)
(5) dv = fd\
d
(6) ==

dv
Hagamos esto preciso. Si f = P entonces por el teorema de Radon-Nikodym, para
toda funcién h € LY(X)

/ hdv = / h- fdA
Pero ademas

(%) /hfd)\:/hfdu+/hfdu

La demostracién de (%) es como sigue: Primero lo probamos para indicatrices de conjun-
tos. Luego para combinaciones de indicatrices de conjuntos (funciones simples). Luego
para limite creciente de indicaciones de funciones simples (convergencia monotona). Por
lo tanto es cierto para toda funcion medible y positiva. Luego tomando diferencias es
cierto para toda funcién en L'(X).

Asi tenemos que,
/hdl/:/hfdu—l—/hfd,u

/hdu—/hfdu:/hfdp,
/h(l — fdv = /hfdu

gdv = g%du
1—f

Y asi, por la unicidad de la derivada de Radon-Nikodym tenemos que

g

Tomando h =

[ dv
T—f dy
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asd
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