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Abstract

In the last decades, there has been unexpected interactions between Algebraic geometry and
other fields of mathematics. In particular, there are interesting connection with polyhedral geom-
etry, the area of mathematics concerning the study of polyhedra, polytopes and triangulations

among others.

One may see the above connection specially in two areas of Algebraic geometry: Toric varieties
and Tropical geometry. In the context of Toric varieties, one uses polyhedral objects to construct
interesting and tractable geometrical structures. On the other hand, in Tropical geometry one tries

to understand geometric structures by attaching to them some simplified polyhedral version.

The objective of this Mémoire de Master is to give an overview of these two areas of algebraic

geometry and to show some applications of them.

In Chapter 1 the main theory of Toric varieties is developed. We begin studying affine toric
varieties and its correspondence with polyhedral cones. Afterwards, by gluing upon this case one
obtain the general correspondence between normal toric varieties and fans (certain collection of
cones). We study sheaves over these algebraic varieties and construct a resolution of singularities

for them, which preserves its natural structures.

In Chapter 2 we prove the characteristic 0 semi-stable reduction theorem for surjective mor-
phisms f: X — C, where C is a smooth curve. For this we need to introduce the general concept

of Toroidal variety which we developed during the first two sections.

In Chapter 3 we introduce Tropical geometry. We start this by defining the tropical semiring
T and introducing tropical hypersurfaces as zeros of polynomials on it. Then we move to general
tropical varieties by defining them as the sets obtained as tropicalization of algebraic varieties.
Then we prove that these sets have a structure of weighted polyhedral complex satisfying the

balancing condition, this is the Structure Theorem for Tropical varieties.
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Chapter 1

Toric Varieties

The purpose of this chapter is to give a brief overview of the basics on toric varieties, also known as
toroidal embeddings. This will be used in Chapter 2 to deduce the semistable reduction theorem
of Deligne-Mumford, and in Chapter 3 to introduce the ideas of Tropical Geometry. We mainly
follow [KKMSDT3| for this chapter.

Throughout our discussion we fixed an algebraically closed field k. A variety is an integral
scheme of finite type over k.

1.1 Facts about Algebraic Tori

We denote by G,,, the algebraic group over k£ whose k-points are k*. An algebraic torus 7' is an
algebraic group isomorphic to G}, = G,, X --- X G, for some n > 1. Sometimes we write 1}’ to
—_————

n times

indicate the dimension and the field of definition of T'.

As T' = G,, = A'\ {0}, using coordinates in A* we see that I'(T") = k[z,2~'] and more
generally
INVASIES k[xl, xfl, . 7mn,x;1]

This is the ring of Laurent polynomials in n variables, i.e., expressions of the form f =
Y aci Cax® for some finite subset I of Z", but it can also be seen as the group algebra of the
group Z.

For a given algebraic group T we define its group of characters and its group of one-parameters
subgroups respectively as

M = Homalg. groups(Ta Gm) and N = Homalg. groups(GmaT)
In order to understand these groups we need the following result.
Proposition 1.1.1. The only endomorphisms of G, are the n-powers, i.e,

Homalg.groups(Gma Gm) = {.’13 = m"}nEZ

Proof. Tt is easy to see that
Homalg.groupS(Gmy Gm) ) {1' = xn}nEZ

On the other hand, we have

Homajg groups (G, Gm) € Homalg var (G, Gin) Ry Homy,_aig (k[z,27 '], k[z,27"]) = k[z,27"] X _ U ka™
nez

So Homaig groups (G, Grm) € {& +— ca™}nez cek+. Now, by linearly independence of characters
we have that Homajg groups(Gm, Gr,) is a linearly independent subset. Thus z — cz™ and x +— 2"



cannot be simultaneously endomorphisms of G,,,. Hence only z +— x™ is an endomorphism. O

As Hom commutes with finite direct sums in both entries, we get that M ~ N ~ Z™ so M and
N are lattices. More concretely we have

Homaig. groups(T",Gm) = {(z1,...,2n) — 27* - 2p | (a1,...,a,) € Z"}
Homuig. groups(Gm, T™) = {z — («*,...,2%") | (a1,...,a,) € Z"}

From now on we will consider M, N just as lattices. For r € M and a € N we will denote by
x" and A, the corresponding homomorphisms.

Using the previous notation we get I'(T') = k[{x" }renm]- In other words, the coordinate ring of
a torus is the group algebra of its character lattice M.

Moreover we have a canonical perfect pairing M x N — Hom(G,,, G,,) = Z giving by compo-
sition. In concrete terms this map attaches to each pair (r, a) the integer (r,a) defined by

X" 0 Aa(t) =t Vit e kX

We use this pairing to identify M as the dual of N.

1.2 Affine Toric Varieties

Definition 1.2.1. A toric variety is an algebraic variety X containing a torus 7" as an open
subvariety together with an extension of the action T'x T" — T to an action T' x X — X of the
torus in the variety. A toric morphism between two toric varieties X and X’ containing a copy
of the same torus T is a morphism f : X — X' of algebraic varieties that is equivariant (i.e,
flaz) = af(x) Va €T,z € X) and fix the torus (i.e, f(1) =1). /

Notice that since the variety X is irreducible (recall it is an integral scheme) the torus T' is
dense in X.

Example 1.2.2. P*, A" and the nodal cubic V(ac3 — y2) C A? are examples of toric varieties
where the torus T is {(zo : -+ : @) | 2; # 0 Vi}, (k*)™ and {(£%,¢3) | t € k*} respectively. /

The first objective is to understand affine toric varieties in terms of their coordinate rings. We
start by translating the action of a torus on an arbitrary affine variety.

Proposition 1.2.3. Given a variety X = Spec B, the data given by an action of T on X is
equivalent to a graduation of B of type M. Under this correspondence equivariant morphisms f
translate to graded morphism of algebras .

Proof. Given the action, we define B, = {f € B | f.(az) = x"(a)f(x), Ya € T,V € X} for the
graduation and given the graduation we define the action as the map induced by the morphism
B — k[M]® B given by f+— > x" ® f.

Now if f : X — X' is an equivariant morphism we have f(a-z) = a- f(x) Ya € T, so for
h € B, homogeneous we have

And hence ¢ is a homogeneous morphism. Similarly if ¢ is homogeneous from ¢(h)(azx) =
X" (a)p(h)(z) we get h(f(ax)) = h(af(x)) whenever h € B, and then by linearity for every h € B,
hence f(az) = af(z). O

Now let’s use this to describe all affine toric varieties in terms of subgroups of the group of
characters M:

If T'— X is a toric variety with X = Spec B we have a map between k-algebras ¢ : B —
k[M]. By the proposition above ¢ is a morphism of graded algebras and, as the inclusion of the



torus is dominant, ¢ is also injective. Therefore we can consider B as a subgraded algebra of
E[M] = @, ¢y x"k. Then it must be of the form k[S] for some finitely generated sub-semigroup
S C M and also as the function field of T is equal to the function field of X we must have
Frac k[S] = Frac k[M], or in other words, S generate M as a group.

Conversely take a finitely generated sub-semigroup S C M such that S generate M as a group.
Then k[S] C k[M] and k[M] is a localization of k[S] with respect to finitely many elements.
Hence T = Spec k[M] is an open subset of the affine variety X = Spec k[S] and as the inclusion
k[S] < k[M] is a graded morphism, X is a toric variety.

Writing down what we have got:

Theorem 1.2.4. There is a correspondence between finitely generated sub-semigroups S of M that
generate M as a group and isomorphism classes of affine toric varieties of T. In concrete terms it
is given by S — Speck[S]. Moreover, this induce a order reversing correspondence between toric
morphisms and inclusions of semigroups.

Proof. Only the morphism correspondence is new.

If f:X; — X, is a toric morphism between X = Speck[S1] and X’ = Spec k[Ss] it induce a
graded morphism between algebras ¢ : k[Sa] — k[S;] that is injective (because f is dominant) and
that extend to the identity in k[M] (because f|r = Idr) so ¢ is the inclusion Sp C S;.

In the other hand if we have S C Sy then k[Ss] C k[S1] and as this inclusion is a graded mor-
phism we get a toric morphism X; — X, that fix pointwise the torus because the map between
k-algebras extend to the identity on k[M]. O

Remark 1.2.5. We notice here for future references that (k-valued) points of the variety X =
Spec k[S] correspond to morphisms of varieties Spec(k) — X and hence to k-algebra morphisms
k[S] — k or equivalently, semigroup morphisms S — k.

In concrete terms, the semigroup morphism v : S — k corresponding to the point z € X is
given by vy(r) = x"(x) Vr € S. /

From now on we will be mainly interested in normal toric varieties. In this context the cor-
respondence seen in the above section can be adapted in a more combinatorial way. For this we
introduce the following.

Definition 1.2.6. A sub-semigroup S C M is called saturated if for every integer n > 1 and every
r € M the condition nr € S implies r € S. /

We can translate this concept to the algebro-geometric side

Proposition 1.2.7. The bijection in Theorem 5 makes a correspondence between saturated semi-
groups and normal affine toric varieties.

Proof.: Suppose Spec k[S] is normal. Then k[S] is integrally closed. Therefore, if nr € S for some
n € N,r € S we have that x" satisfy the integral equation =™ — x™ = 0 and hence x" € k[5], i.e
res.

For the converse we suppose that S is satured and we need to prove that k[S] is integrally
closed. Since k[S] C k[M] and the later is integrally closed and has the same fraction field, we just
need to prove that if f € k[M] is integral over k[S] then belongs to k[S]. Actually, as k[S] is a
graded algebra it is enough to work with f homogeneous (see [ZS60], p.158) so we have an element
X" satisfying the equation

2"+ ap_12" P an_oz" 24 4+a9=0

with coefficients a; € k[S]. Each q; is a sum of characters but we can throw out all the ones whose
degree do not add up, i.e, nr = r(n—1)+deg a,;. Then taking ¢ with a; # 0 we have deg a; =ri € S
so by saturation r € S so x" € k[S]. O

Now we are going to visualize this saturated semigroups in a more combinatorial way as poly-
hedral cones sitting inside Mr = M ® R. For the notion of polyhedral cone we refer the reader to
the appendix.



Lemma 1.2.8. There is a correspondence between strictly convex, rational polyhedral cones o in
Nr and saturated finitely generated sub-semigroups of M given by o — o¥ N M.

Proof. Given a strictly convex, rational polyhedral cones ¢ in Ng. The semigroup oV N M is
saturated (intersection of saturated sets) and generates M as a group, because ¢ is not, contained
in any hyperplane of Mg. Hence, we just have to prove that it is finitely generated. For this, as oV

is rational, we can take x1,...,z, € M such that cone(z1,...,x,) = ¢". Now taking the bounded
subset
T
K= {Zélm" 0<§; < MR}
i=1

We have that (K N M) U {z1,...,2,} is a finite set of generators for ¢¥ N M. Indeed, for any
x € 0¥ N M there are \; € Z>( such that x — >, \jz; € KN M.

Conversely, let S C M be a saturated finitely generated sub-semigroup of M. If z1,...,z, are
generators for S then the cone o, whose dual is given by {>°, z;A; | A\; € R>¢}, is a convex rational
polyhedral cone in Vg not contained in any hyperplane and whose lattice points are S. O

Using this we can state the theorem that classifies affine normal toric varieties.

Theorem 1.2.9. The correspondence o — Spec(c¥NM) gives a bijection between the set of strictly
convex rational polyhedral cones in Nr and the set of affine normal toric variaties containing T .

Proof. This is a direct concatenation of Proposition [[.2.7] and Lemma [T.2.8] above. O

We will use the notation S, := ¢¥ N M for the semigroup associated to the cone and U, :=
Spec k[S,] for the toric variety associated.

Example 1.2.10. In Example We saw the three toric variaties. Namely, P", A" and V (23 —
y?) C A2, As the projective space is not an affine variety and the nodal cubic is not a normal variety
only the affine space is an example of a toric normal variety. Under the correspondence described
above we see that U, = A" where o = cone(ey, . ..e,) C Ng. In fact we have 0V = cone(e?, ..., ek)
so Sg = 0¥ N Mg 2 N" and then U, = Speck[S,| = Speck[z1,...x,] = A"

Now recall that even though a smooth variety is always normal, the inverse is not true in
general. Hence there exists the possibility that the variety U, obtained with the construction
above gives a nonsmooth variety. Fortunately there is a criterion to determine exactly when an
affine toric variety is smooth in term of the associated cone.

Theorem 1.2.11. U, is non singular <= o is an smooth cone as defined in appendiz[4]

Proof. Suppose o is smooth. Then there is a basis {e1,..., €k, €x41,...,en} of the lattice N such
that o = cone(ey, ..., ex) € Ng. Hence
0¥ = cone(el, ..., e}, L, e so U, = Spec (k[e*l‘, N .,6;]62+1,,,e:) — k" x (k)T

and this is a non singular variety.

For the other implication let o be a cone such that U, is smooth. We are going to reduce the
problem to the case dim(o) = n. If dim(c) = r < n let Ny be the smallest vector subspace of N
containing o. Then N/Nj is a torsion free abelian group. Hence, there exists a vector subspace
Ny C N such that Ny@® Ny = N. This decomposition induces a decomposition M@ Ms = M. Now,
since we can see ¢ as a cone of IV or of INj, we can compute the two semigroups S, y and S, n, .
These semigroups satisfy S, v = S, n, € Mo and therefore we have k[S, n] = k[Sy n,] ® k[Mo]
from where U, n = Uy N, X (K*)"~7. As we are assuming U, y smooth we can deduce that U, n,
is smooth and therefore we can suppose o is a cone of maximal dimension.

Now assuming ¢ has maximal dimension de dual ¢¥ C M is strictly convex and hence no
element of k[S,] is invertible. Taking the maximal ideal I generated by {x® | & € S, \ {0}} we see
that it corresponde with a point p € U, (in fact it is the unique fixed point of the action), hence
by the non singular assumption the ring R; is a graded regular local ring of dimension n so there
are x*1,...,x*" such that IB;y = (x*,...,x%")B; or in other words, for all 5 € S

n
P = Z%‘Xm’ where a; € Ry
i=1



clearing denominators we have
n
ux? = Zbixai where v € R\ I and b; € R
i=1

And hence looking at the degree 8 part of this equation we get = v + a; for some v € S and
1 < < n. After doing this again for v we get 8 =+' 4+ a; + a; for some y € Sand 1 <i,j <n
and continuing the process at some point it must end because S does not have invertible elements.
Hence the ay,...«a, generate S as a semigroup and then they form a basis of M over Z. Then
passing to the dual is not difficult to see that o N N is also generated by a basis of the lattice of N
and so ¢ is an smooth cone. O

Now, in a similar vein as in Theorem the correspondence between affine normal toric
varieties and cones induce a correspondence between inclusions of cones and toric morphisms.

Theorem 1.2.12. There exist a morphism of toric varieties f : Uy, — U,, if and only if 01 C o3
and in such a case, [ is uniquely defined. Moreover, if o1 is a face of oo then f is an open
TMMErsion.

Proof. We have 01 C 09 <= S,, C S,, hence the first part follows directly by Theorem
Now if oy is a face of o5 there is an « € S, such that & > 0 on 03 and 01 = {x € 02 | a(z) = 0}.
Notice that —a € S,, and for every 8 € S,, there is an n > 0 such that 5+ na > 0 in 9. Hence

xﬁGF(OUal) <= [ >0ono;
<= there is an n > 0 such that 8+ na > 0 on oy

— ' er(0y,,) [Xl]

(0%

So the inclusion I'(Oy,,) < T'(Oy,, ) is a localization map and hence U,, — Uy, is an open im-
mersion. O

1.3 Orbit-Cone Correspondence

In this section we are going to state and prove the Orbit-Cone Correspondence and for this we
need to study the action of 7' in U, in more detail.

We start by introducing distinguished points.
Proposition 1.3.1. Fiz a strictly convex rational cone o.

1. If a € N we have

a€o = A\(0):= }LH(l) Aa(t) exists in U,

2. Let ay,a2 € o NN, then

Aay (0) = X, (0) < ay and as lie in the interior of the same face of o

3. The point of the form \,(0) for some a in the interior of the face T of o is given in terms of
the semigroup morphism v, : S, — k by

1 ifreS,nrt
Y- (r) =

0 if not
Proof.
L lim A, (¢) exists in U, <= lim x"(A\q(t)) = lim ¢{™® exists in A! for every r € S,
t—0 t—0 t—0

<= (r,a) >0 for every r € S,
<~ ac((¢V) =0



2. Let {r1,...,7m,} be a set of generators for S,, then {x™,...,x"} are coordinates for U,.

Now as
, 1 if (r;,a) =0
"1(Xa(0)) =
X (a0)) {0 if (ri,a) > 0

we have that Ay, (0) = A, (0) exactly when (r;,a1) = 0 <= (r;,a2) = 0 and this happen
exactly when a; and as belong to the interior of the same face.

3. Fix a face 7 C ¢ and a € int(7). For r € S, we have

Y(r)=1 < reS,nrt
— (r,a)=0
= X" (Ma(0)) =1
Hence the point corresponding to 7, is exactly A, (0).
O

Definition 1.3.2. The points -, associated to faces 7 C o by the proposition above are called the
distinguished points of U, . /

Let’s denote by O(7) the orbit of the distinguished point of 7. The next proposition tell us
how to understand this sets in terms of semigroup morphisms.

Lemma 1.3.3.

1. For any cone o we have

O(0) 2 {v:S, > k|y(r) #0 < reo-NM}
= HomZ(ULﬂM,k*)

2. If T is a face of o then O(7) =V (I) C U, where

I = @ kXT - F(UU)

r>0 on o
r>0 on Int T

Proof.

1. For simplicity let’s call O’ = {v: S, = k| v(r) #0 <= r € 0= N N} momentaneusly. For
r € S, we have

Yo(r) #0 <= (r,a) =0for a €int(c) <= (r,a)=0Yaco < rco NN
Hence ~, € O'. Also O’ is invariant under the action of the torus T, because if v € O’ then
t-y:r—= x"(¢)y(r) is also in O'.

Next, if v € O’ we have y(r) = 0 ¥r ¢ o~ N N and hence the map

O' — Homg(ct N M, k*)
Y= |UJ-ﬂM .
is injective and well defined (the restriction is a group homomorphism). In the other hand,

taking ¢ € Homgz (o N M, k*) we can extend it to a semigroup homomorphism on S, by
defining ¥(r) = 0 if r ¢ o N M and then the map above is a bijection.

Finally denote by N, the sublattice of N generated by ¢ N N and N (o) the quotient N/N,.
The perfect pairing over M x N induce a perfect pairing over o+ N M x N(o) so we can
identify Homgz (o N M, k*) with a torus Ty (,) = N(0) ®zk*. Then the surjection N — N(o)
induce another surjection N ®z k* — N(0) ®z k* and this translate to the map

Ty — TN(O’) = Homz(O'J' NM, k") = o’

who is no other than the action of T on O’. Hence T acts transitively in O’ so 0" = O(o).



2. Inpart 1. we saw that O(c0) = Homgz (7N M, k*) but as any group morphism from 7N M is
also determined by its restriction to oV N7+ N M we have that O(c) = Mor(cV N7+ N M, k*)
where Mor stands for semigroup morphisms.

Now for f =" a,x" € I'(U,) we have

feIO(T) < f(x) =0 Yo € O(t) = Mor(c” N7t N M,k*)
— Zarfy(r) =0 Vy € Mor(cV N7t N M,k*)

[

—a,=0 Vreo'NnrtNM
< a,=0 VreMstr>0onocandr=0onInt 7
=fe P kK

r>0 on o
r>0 on Int 7

Now we are ready to proof the Orbit-cone correspondence
Theorem 1.3.4. Fix a strictly convex rational cone o.

1. There is a bijection 7 — O(7) between the faces of o and the orbits of the action. This
bijection send T to the orbit O(T) generated by the point ..

2. dim7+dimO(r) =n
3. Under the bijection above
m Cn < O(r) CO(n)
Proof.

1. Let O be a orbit and 7 the minimal face in o such that O C U,, it exist because O C U,
and O C U,, implies O C U, NU,, = Urnr,- We claim that O = O(7) from where the
bijection follows.

To prove the claim is enough to fix v € O and show that v € O(7). For this consider
v U k*) C S., as y(r + s) = y(r)y(s) we have r + s € v~ 1(k*) implies r,s € v 1(k*)
moreover as v~ (k*)g is a convex subset subset of Mg we have that it is a face of 7. Hence,
there is a face ¢ of 7 such that v~} (k*)r = 7¥ N, so

YR =1V netn M

From this we see that vy(r) = 0 Vr ¢ ¢- N M, so v can be identified with a semigroup
morphism 7 : ¢V N M — k* and then 7 correspond to a point in X, therefore O C X, and
from minimality ¢ = 7. Then as y(r) = 0 <= 7 € 7 we get v € O(7) and we conclude
O =0(r).

2. As we saw in Lemma [[.3.3] if N, is the smallest sublattice containing o N N, then O(7) =
Hom(ot N M, k*) can be identified with N/N,. Hence

dim(O(7)) = rank(N/N,) = rank(N) — rank(N,) = n — dim(o)
3. By Lemma [I.3:3] we have
O(rr) CO(n) @ kx" C @ kx"

r>0 on o r>0on o
r>0 on Int 79 >0 on Int 71
—o'NnynNMCco’nritnM
<~ 711 C 7o

O

Corollary 1.3.5. As in any set with an action of a group we have a partition given by its orbit.
In this case this give us the following disjoint union

U, = U O(7)

T<o



1.4 Classification of General Toric Varieties

Now we are going to extend our classification of normal affine toric varieties to arbitary normal
affine toric varieties. For this we need the following result due to Sumihiro to reduced the problem
to the affine case.

Theorem 1.4.1. (Sumihiro) Let T be a torus acting in a normal variety X, then every point of
X admits an open invariant affine neighborhood.

Proof. See [KKMSD73]. O

The combinatorial objects that will encode our toric varieties are called fans. These are col-
lections of strictly convex rational polyhedral cones satisfying properties resembling the ones for
simplicial complexes (Definition [A.6)).

By Theorem a fan ¥ give us a directed system of varieties that we can glue (take a
colimit) to form a new variety that we denote Py.

We can see that Py is normal as it has a cover {U,_}aca by affine normal toric varieties. It
is also separable as U,, N Uy, = Uy,no, and the algebra F(OUGQ%B) is generated by the two
subalgebras I'(Oyp,_ ) and F<OUGB ). Notice that if ¥ is the fan generated by a single cone o, then

Py, = U,, so this construction generalize the one we saw in the previous chapters.

Now we can classify normal toric varieties in terms of fans and extend the theorems we saw for
affine normal toric varieties in the previous sections.

Theorem 1.4.2.

1. The correspondence % — Pyx defines a bijection between fans over Ng and isomorphism
classes of mormal toric varieties containing the torus T .

2. The correspondence ¥ 3 o — U, defines a bijection between the cones in the fan and the
imwvariant affine open subsets of Px.

3. (Orbit-cone correspondence) The map which associates to each o € ¥ the unique closed
orbit of U, denoted again by O(o) gives a correspondence between the cones of ¥ and the
orbits of Ps,. We have also 01 C 09 <= O(02) C O(01)

4. There is a toric morphism Ps,, — Ps, iff for all o1 € X1 there is a 02 € 39 such that o1 C 09.
Proof.

1. and 2. Let X be a normal toric variety. By Sumihiro’s theorem and quasi-compactness we have a
finite cover of X by maximal affine invariant open sets. Then by Theorem [1.2.9] each of this
invariant sets is given by a toric variety of the form U, for some cone ¢ C Nr. Then the
fan ¥ generated from this cones induce exactly the variety X with which started. Also, by
maximality any other invariant affine open subset U, of X must be contained in one open
set U, from the ones we started with. Hence 7 is a face of o and then 7 € X.

3. Let O be a orbit of Py and define U = {z € Py | O C O(z)} where O(z) is the orbit of the
point z. By Sumihiro’s theorem there is an open affine invariant subset containing U. Hence
we can use the affine version of the Orbit-cone correspondence to see that U is an invariant
affine open subset, hence of the form U, for some o € ¥ and then O = O(o).

4. If there is 07 € X7 and 02 € Y5 such that o; C 09 then by Theorem we have a unique
toric map Uy, — U,,. Gluing this maps we get a toric morphism Py, — Py,.

In the other hand, take a toric morphism f : Py, — Py, and 01 € £;. As f is equivariant
f(O(o1)) is also an orbit of Py, and then is of the form O(o3) for some o9 € 3o. If 71 is a face
of o1 we have O(m1) C O(o1) and hence f(O(11)) C f(O(o1)) C O(o2) so f(O(r1)) = O(12)
for some face 75 of . From this using Corollary [[.3.5] we get

f(U0'1) = f(UTCUO(T)) g UTE‘HO(T) = Utfz

as we wanted.



O

Relaxing the affine condition allow us to have proper and projective toric variaties. Luckily we
have good criteria to identify this properties in terms of the associated fans, to state them we need
the definition of complete fan and polytopal fan. We refer the reader to [?] for this.

Now we can state each criterion

Theorem 1.4.3. A toric variety Py, is
1. proper iff ¥ is a complete fan
2. projective iff ¥ is a polytopal fan

Proof. The proof of 1. is contained in [Ful93] section 2.4. and 2. is proved at [Ewa96] section
VIL3. O

1.5 Equivariant Sheaves of Fractional Ideals Over Toric Va-
rieties
Fix a fan ¥ on Ny and call by X = Py its associated toric variety.

In this section we will classify certain coherent sheaves over X well behaved with respect to the
action of the torus. This objects will be understood in terms of certain piecewise linear concave
function attached to them and its understanding will give us an interpretation for the Picard group
and the equivariant part of the class group of the variety.

If we denote by ¢ : T < X the inclusion morphism then i.(Or) is a quasi-coherent Ox-
submodule of the sheaf Ix of rational functions over X and it is equipped with an action of T
given by

(- f)(x) = fa™tz) Ya €T, Vf €i.(Or)(U,), Yo €%

The sheaves we are going to classify are the coherent sheaves F contained on i.(Or) such
that we can restrict the action above to them. We will call these sheaves equivariant sheaves of
fractional ideals.

Notice that for such an F we have F(T') C T'(Or). This allow us to look at the variety V (F(T))
which from the T-invariance is either @ or T', then by the coherent hypothesis F|r is either 0 (from
where F = 0) or Op. This implies that all the interesting behavior of F occurs outside 7. To
understand this behavior we introduce the order function of F

OrdF:[8|=|Jo—R
oeY

It is defined as follows:

First, we define it on lattice points a € Ng N |X|. For this notice that, because of Proposition
1.3.1] a is attached to a function
Ao @ Speck[x] = X
so we can define

Ord(F)(a) := Ordo(\;F)

Let’s understand this definition. Taking o € 3 such that a € o we can restrict the codomain
of A\, to Us.

Now U, = Spec R, where R, = @ kx" and as F is coherent F(U,) is a finitely generated

reM
r>0on o

R,-submodule of F(T') =T'(Or), say

N
Ja = ZRUX” c @ kXT~
i=1

reM



From this, as in affine varieties the pullback of a coherent O x-module is the O x-module induced
by the extension of coordinates of its global sections, we have

~

N
Ao(F) = Xi(Flu,) = (J, ®g, klz])~ = (Z k[X]X<”’“>)
i=1

To see this last isomorphism notice that under the isomorphism R, ®pg, k[z] = k[x] the set
of generators {x" @ p | p € k[z],i = 1,...,N} of J, @, k[z] is send to {z"@p | p € k[z],i =
1,...,N} as

X @p=10X\X")p=10z""p.

Then Ord F(a) = min,(r;, a).
This allow us to extend Ord F to all ¢ by the formula above, i.e,

Ord F(z) = min(r;,z) Yz €0
and by doing the same for the other cones in ¥ we can defined Ord F for all |3|.

With this construction we can state all the results of this section.

Theorem 1.5.1. Let ¥ be a fan, X = Py, its induced toric variety and F a equivariant coherent
subsheaf of i,(Or). Then

I. The function OrdF satisfies the following properties

(a) OrdF(A\z) =\ OrdF(z), VYAeRT

(b) OrdF is continuous and piecewise-linear.
(c) OrdF(NN|X]) CZ

(d) OrdF is concave on each o

A function satisfying all this conditions will be called an order function. Conversely, any
function satisfying this conditions is of the form x +— min;(r;, z) for some r; € M.

II. Take an order function f :|X| — R. For all 0 € ¥ we put

(Jf)o = @ kx"

reM
r>f ono

Then (J¢)s is a T-invariant T'(Oy, )-module and the sheaves (J¢)y can be glued together to

[eg
obtain a coherent sheaf Fy of equivariant fractional ideals contained in i.(Or).

Moreover, the sheaf Fy is complete as a sheaf of fractional ideals. This means that each (Jy)q
above is a complete fractional ideal in the following precise sense:

Given a domain A with quotient field K and J C K a fractional ideal we say that
J is complete if for all z € K satisfying an equation of the form

294 a;29 4 da, =0 witha; € J° (%)
we have z € J
III. The constructions above satisfy the following properties.

(a) OrdFy = f
(b) Forar is the completion of F

(c) The maps F +— OrdF and f — Fy define a bijection between the set of coherent sheaves

F of equivariant complete fractional ideals over X and the set of order functions f :
2] — R.

(d) FCFy < OrdF > f
(e) OrdFyFy = OrdFy + Ord F

10



(f) Flu, =0y, < OrdF=0ono

(g) There is a toric isomorphism of Ox-modules between Fy, and Fy, if and only if f1 — fo
is linear on |X|.

IV. Given a cone o we denote by sk' o the set of all primitive integral vectors inside its one
dimensional faces and for a fan S we define sk' ¥ = Uses sk o. For a function h : sk' 0 — 7Z
we define its convex interpolation as the least order function h : 0 — R majorizing h on o.
In other words
h(z) = min T, T
( ) r>h over sk! a< >
where the minimum goes over all integral linear functional v € M that majorizes h over skl o.
For a function h : sk* S — Z we define its convex interpolation as the function h : X = R
given as the convex interpolation of h restricted to each cone. In particular it is an order
function.

With this notation we have the following properties:

(a) F~1 = F, where g is the convex interpolation of —Ord F on sk!' %

(b) (F~Y)~t = F if and only if F is complete and Ord F is the linear interpolation of an
integral function over sk ¥.. Moreover, there exists a bijective correspondence between
the set of T-invariant Weil divisors and the set of integral functions on sk' X.

(¢) The following are equivalent:

i) F is invertible
i1) FF1=0x
i1t) OrdF is linear on each o.

(d) Q% = Fi where k is the convex interpolation of the constant function with values —1
on sk' 3.

Proof.

I. All this properties follow directly from the formula defining the order function. For the con-
verse let f be an order function. As it is piecewise linear there are finitely many r; € Mg such
that for each x € |X| there is an ¢ with f(x) = (r;,x). Then as f is concave f(x) = min;(r;, x)
and as f(N N |X]) C Z we can take each r; in M.

II. As (Jy)s is closed under multiplication by elements of R, we see that it is an R,-module.
Alsoif h = Y a,x" € (Jf)s and o € T we have a-h =Y a,a”"x" € (Jf)s s0 (Jy)s is
T-invariant R,-module. Next to prove that these modules can be glued together is enough
to prove that

() o, = (Jr)F

For this notice that, as U, is a principal open subset for g = H x", we have

réeMnoY
r=0on T

TULUp3) = D kx| = @ k" =TTy
reM reM
r>fono g r>fonT

Now to see that F; is complete we need to prove that each (Jy), is complete. For this notice
that if f(z) = nllin {(rs,z)} for all z € o then
1=1,...,s

R=Y"Rx"= @ S P k=0
=1

reM reM
r>r; on o r>fono
for some 4

and we will prove that (J), is exactly the completion of R and thus complete.
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We start by proving that there is an equation over R of the form (x) for each x™ € (J¢), this
will prove that (Jf), is contained in the completion of R. From x" € (Jf), we have r > f
on o and if 0¥ = cone(vy,...,v,) we have (z,v;) > 0 for all 1 < i < n exactly when z € o,
hence

min{(x,r; — ), (x,v;)}i; <0 Vo € Ny

Now define h(z) = —min{(z, r;—r), (z,v;) }i,; = max{(z,r—r;), (z, —v;)}; ;. Thisis a convex
function that attains its minimum at 0. Hence, 0 belongs to the subgradient dh(0), but this
subgradient is also given by conv(U; ; 0(-,r — r;) U 0(, —v;)) = conv{r —r;, —v;}; ; and so
there are integers n;,m; > 0 not all zero such that

D nilr—r)+ > miu; =0
i J

and then Zniri + ijvj = (Z n1> r, so for N = > n,; we have
i j i

COREPREER | [P

i
and this is a monic equation for x" over R of the desired form.
In the other hand, if x" is in the completion of R then

er + alxr(m_l) +- 4+ amflxr + am = 0

for some a; € R*. Looking only at the degree rm part of the equation we can assume that
each non zero a; is a character, taking some N with ay # 0 we have ay = x© - x>="" with
>-mj =N and ¢ > 0 as a function over o, then

rm = deg(ay) +r(m — N)

r=c/N—|—Zn§\7;j

n;r;
#OVQI'O'

<
— r >
—> there is some j such that r > r; over o
<~ r > fovero

= X" € (Jf)s

Hence (Jf), is the completion of R and in particular is complete.

III. (a) As F is coherent we have

F(Uzﬂ]:f) = @ kx" = E Rox*
reM j=1
r>fono

for some s; € M from where Ord Fy = min;(s;, z) = f.

(b) I T'(Uy, F) = >, RoX" we have Ord F = min;(r;,z) on ¢ and then as it was shown in
the proof of part II. the sheaf Fo.q 7 is the completion of Y, R,x" = F.

(c) This follows formally from parts (a) and (b).

(d) F € Fy <= Flu, € Ffly, for every o0 € X. As these sheaves are coherent, if
I'(Us, F) = >, Ro X" we have

Flu, CFslu, == Y Rox"C P kx" <= ri>f Vi< OrdF>f

rcM
r>f on o

(e) Suppose F(Uayfl) = Zi RUX” andF(UUafZ) = Z]‘ Raxsiv thenF(Ua7]:1]:2) = Zij Raxri+sj
SO

Ord(F1F2)(z) = min(r; + s;, ) = min(r;, z) + min(s;, z) = Ord F;(z) + Ord Fa(x)
i J

)
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Iv.

(f)
(g)

This follows from I'(U,, Oy, ) = Ryx° so Ord F(z) = (0,z) =0

Suppose fo — f1 is linear, say fo — fi1 = s € M. Then for any cone ¢ € ¥ we have the
isomorphism

©: F(]:fl,UU) — F(]:fz, Ug)
Xr — XrJrs'
And this glue to an isomorphism of Ox-modules.

In the other hand, if there is a toric isomorphism of Ox-modules ¢ : Ffr — Fp, then
for each o € 3 we have a toric isomorphism

¢o : T(Fp,Us) = T(Fp,, Uy).

The T-equivariance implies that ¢, (x") = a,x® for some a, and after renormalization
we can assume that a, = 1. Now we have an induced bijection between the exponents

Po:{reM|r>fiovero} —{reM|r> fyover o}
And from ¢, being a R,-module morphism we get
Bo(r+7r") =0, (r)++ for all ' € M with v’ > 0on o
Now suppose for every r,7’ € M there is a r* € M such that r* > r,7’ on 0. Then
Frr) 41" =1 =T =) = o) = Bl 1 = 1) = B lr) + 1 =7

and so @, (r) —r = s is independent of 7. Then ¢, is given by x" — x"** and f1 — fo = s
over o, varying sigma one get f1 — fo = s over |X|.

To see that an upper bound 7* exists for every r, r’, notice that r* > ron o iff r*—r € oV
and so the result follows from the fact that ¢¥ has non empty interior (because o is
strictly convex) and then after a translation you can put both —r, —r/ inside of it.

Fix o in Y. For » € M we have

X €T(Us, F ') <= x"-T(U,, F ') CTI'(X,,0x,)
< r+{seM|s>0OrdFonc}C{seM|s>0onoc}
<= r>-0rd Fono
=r>g
= rel'(U,,Fy)

where ¢ is the convex interpolation of —Ord F on sk’ o.
By the part above we have (F~1)~1 = Fr with f the convex interpolation of the restric-

tion of Ord F to sk' ¥. Then by III (c) this sheaf is equal to F iff the sheaf is complete
and Ord F' = f.

Now let D be a Weil divisor on X. As X is a normal integral variety it correspond to
the coherent sheaf

Ox(D)(U) ={f e Kx [ (f)+D =0}

and we have Ox (D)Ox(D') = Ox (D + D'). Hence, Ox(D)~! = Ox(—D) from where
(Ox(D)™1)~! = Ox(D) and so Ox(D) is complete and its order function correspond
to an integral function on sk' X.

In the other hand, given an integral function over sk* 3 we can take its convex interpo-
lation f : |X| — R and it correspond to a F; such that (.7:]71)_1 = F. This property
translate to F; being reflexive and as it is also of rank 1 (as it is a subsheaf of Kx)
it must be of the form Ox (D) for some T-invariant Weil divisor D over X (see [Sch,
Proposition 3.7).
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(¢) (iii = 1i and ii) Suppose Ord F is linear on o, say Ord F(z) = (r,x) Vo € 0. Then in
the finitely generated R,-module inducing F|y,

N
Jo =Y RoX" CT(Or)

i=1

we would have Ord F = min; (r;, z) = (r,x) from where there is an ¢ such that (r;, z) =
(r,z) on o. For that i we have J, = R,x"" so Fly, = x"*Op, and hence F is an
invertible sheaf.

In the other hand by IV (a) we have Ord F~! = —Ord F and so by III (e) Ord(FF~1!) =
F + F~1 =0 from where FF~1 = Ox using I1I (f).

(ii = i) Suppose FF ! = Ox. Then as all this sheafs are coherent we have for each o
F(Us)F(Us)™t =T (Us, Ox)

From which 1 € F(U,)F(U,)7 !, ie, 1 = >-;9i9; with g; € F(U,) and g; € F(U,) L
Then for every h € F we have

h=h-1=Y"g;hg; € gF(Uys)F(Us)~" = gT(U,, Ox)
J

so Flu, < gOxlu,. As the other implication is trivial we conclude Fly, = Ox|u, .
As this isomorphism is equivariant it gives an equality F|y, = x"Ox|y, from which
Ord F(z) = (r,z) over o.

(i == iii) By Proposition 4.2.2 on [CLS11] we have that Pic(X) is trivial for every affine
toric variety X. Now if F is an invertible sheaf over X, for each ¢ € ¥ we have that
Flu, is trivial and hence it is isomorphic to F|y,. By III (g) this happens iff Ord F is
linear over o.

(d) The only differential of degree n over the torus T' = Spec k[xlil, ..., o1 up to constant
is given by
= @ BENAN ml
T Tn

This differential form has pole of order 1 on each orbit of codimension 1. Hence for
every one parameter subgroup )\, : Spec k[z,27!] — X with a € N primitive we have
Ordo(A} (w)) = —1 and the result follows.

O

1.6 Equivariant Resolution of Singularities of Toric Varieties

Now we use our understanding on equivariant sheaves of fractional ideals from the last sections to
resolve the singularities of a toric variety in a way compatible with the action of the torus.

For this we let F an equivariant sheaf of fractional ideals as in last section. The blow up of X
with respect to these fractional ideal is defined as the morphism

n
X = Proj (@fk> EN'
k=0

and it satisfy that f*(F) is an invertible sheaf over Y. Moreover this is the minimal variety sat-
isfying this: Every morphism ¥ — X such that the pullback of F along it is an invertible sheaf
factorize uniquely along X — X.

Now recall that this variety X is not normal in general (it is for example when F defines a

reduced closed subscheme of X, but this is not necessarily the case). For that reason we will work
with the normalization of X and we will call this variety Bz (X).
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Using the universal property of the normalization we conclude that B z(X) satisfy the following

universal property: Any birational map Y 7y X from a normal variety Y to X such that induced
sheaf of fractional ideals f*F is invertible must factorize uniquely along Bx(X).

Using this construction we present the following result.

Theorem 1.6.1. Fix a fan ¥ over Ny, let X = Py and F an equivariant sheaf of fractional ideals
over X. Then Br(X) defined above, as an allowable embedding of T, is described by the fan of ¥Lx
over Ng obtained by subdividing all the o € X into the biggest polyhedra on which Ord F is linear.

Proof. From the explicit construction of f: Bx(X) — X we conclude that f~1(T) =T C Bx(X)
and from this Bx(X) is a normal toric variety. Let ¥/ denotes its associated fan, we need to prove
Y/ = Y. For this denote X the toric variety attached to the fan 7. By theorem there is a
toric morphism ¢ : X — X and it is constructed in the following way.

For any 7 € ¥ there is a ¢ € ¥ such that 7 C ¢. Then U, — U, is given by the inclusion

of rings R, C R.. Then if Fly, = J, is generated by J, = P, R,x] we have that J, ®r, R, is
generated by x"* ® 1 as an R,-module and so we conclude

Ordx F = min(r;,z) = Ord ¢ f*(F) Ve er

Hence by theorem part IV (c) we have that f*(F) is an invertible sheaf. Then by the univer-
sal property of Bx(X) discused above there is a morphism Bx(X) — X and from Theorem
again we conclude that ¥’ is a subdivision of X7 from which X/ = X £. O

This theorem together with [1.2.11] translate the problem of finding a resolution of singularities
for X into a combinatorial problem. We will use this approach to prove the following.

Theorem 1.6.2. Let X = Py, be a toric variety. Then there exists an equivariant sheaf of ideals
F C Ox such that By (X) is non singular.

Using Theorem and Theorem above in order to prove this we need to find an or-
der function f : F — R such that each cone in ¥; is smooth. Also, notice that the condition
f(JZ] N N) C Z in the definition of order function can be relaxed to f(|X| N N) C Q since then a
suitable multiple of f will be an order function and ¥ doesn’t get affected. Now the objective of
this section is to construct an example of such a function.

Let us start defining for each simplicial cone, i.e, a cone of the form o = cone(x1,...,2,) C Ng
with ..., x, linearly independent, its multiplicity as the rank of the subgroup , Zx; inside the
lattice N N )", Ra;. This multiplicity is denoted by mult(c) and o is smooth iff mult(o) = 1.

The idea of the construction is to proceed by induction in the number of cones inside ..

We will use the following lemma for the inductive step.
Lemma 1.6.3. Let o be a polyhedral cone and fy a piecewie linear concave rational function de-

fined over its boundary do. Let xg € N Nint(o).

The function f: o0 — R defined by

flaxo + By) = aC + Bfo(y), y € do,a,320
where C € Q.
Then, if C s large enough, f is concave and the associated polyhedra of f are of the form
cone(t U {xo}) for T € Xy, .

Using this result suppose we have a function f : Uan\ {00} — R satisfying all properties we
need over this domain. Then we can use the lemma above to extend fy to a function f over |X|
such that the cones added to Xy, are all simplicial, let ' denote the set of all this extensions.

We define the multiplicity of f as mult(f) := max,cx, (mult)(7), so the objective is to show
there is a f € F with mult(f) = 1.

We do this by, given an f € F, constructing another function f’ € F' with fewer cones 7 € L/
such that mult(f’) = mult(7). The following easy results assure that we can always do this.
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Lemma 1.6.4. Let f be a convex piecewise linear rational positive function on a polyhedron o.
Let xg € N NY and let us consider the set

S={reX;|zo¢7rU{cone(rU{zo}) |20 ¢ 7,7 € Xf and T is the face of some 7’ s.t xg € 7'}
Then ¥ is a fan with support o. If for ¢ € Qs we define fy, . on o by
f(x) ifreTandxg ¢ T,TED
fasg,e =

f(x)+eg(z) ifzeTandzyer,TEX

where g is a linear function such that g(xo) = 1 and g|, = 0. Then for ¢ small enough f, . is
still concave and its associated fan is .

Lemma 1.6.5.

1. If 1 and 1o are two simplicial cones in Ng such that Ty is a face of o, then mult(T1) | mult(Ts).

2. Let 7 = (x1,...,xN) be a simplical cone such that the x; are primitive and let x = a1 +
o+ or,0 < a; < 1, 1 < N be a primitive lattice point. For 1 < ¢ < [ let 1; =
cone(y,...,&i,...,xN)), then

mult(cone)(r; U{z}) = a; - mult(r)

So we can conclude the induction and with this the proof of Theorem

1.7 Cohomology and convexity

If X is a toric variety containing a torus 7', we will denote by X x its associated fan and the support
of ¥x by |X|. Further given a toric morphism f : X — Y we represent by |f| : |X| — |Y] the
associated function between the fans.

Let J be a complete equivariant sheaf of fractional ideals on a toric variety X. Set j = Ord J.
Define the sheaf of (absolutely regular) differentials with coefficients in J, written K;, by the
formula:

~

K;(Us) = @ kx"
reM
(r;z)>j(z) on o\{0}
For all 0 € ¥x. Clearly, K; is a complete equivariant sheaf of fractional ideals.

If 7 = Ox, then j = 0 and Ky = QX because by Theorem Qx = .Z; where § is the
convex interpolation of 1 on sk'(Xx). Also, let 1 : X — X be a toric morphism. Let j = j o |u|.
Then, p*(s) is a section of lef for every section s of ;. Furthermore, if 1 is proper, we have M*IC;
is exactly IC;.

Let J be a equivariant sheaf of fractional ideals on a toric variety X. As J = @X JX, we have
that H'(X,J) = @, H'(X, JX). Obviously, H*(X, JX) = H'(X, J)X. Therefore, the cohomology
H(X,J) can be computed by

Theorem 1.7.1. For any character x of T, we have
HY(X, )X ~ Hy(1X], k)

Where the right hand side is the relative cohomology with respect to a closed subset A of | X| that
is either:

a) A= |U| where U is the largest T-invariant open in X such that x € J(U)

b) in case J is complete.
A={ze|X||{x,r) > Ord J(z)}.

Furthermore, if j =0rd(J), the cohomology of the differentials IC; is given by the formula
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HY(X,K))X = Hj. (| X], k)

Where B = {x € | X|: (x,x) > j(z)}, B* = B —(open unit ball in Ng)

Proof.
I) Assume X is affine. Then by Serre’s Vanishing Theorem and by an explicit computation we
have

HY{(X,J)=0fori >0 and

HO(X j)X: an leEJ(X)a
’ 0 otherwise.

On the other hand, both of the opens |X| — A are convex. |X|— A is empty if and only if
x € J(X). The long exact sequence

has zero at the dots because |X| and | X| — A are conctractible. therefore, H (| X|, k) = 0 for i > 0
k, if A=|X],

and Hg(‘XL k) = 0 otherwise

This completes the affine case of the first isomorphism.

IT) Let {U;} be a covering of X by T-invariant open affines. Let o; be the simplex |U;].
Intersections of U;’s are open affines and these correspond to intersections of the o;’s. By part I,
Hh(aij)(ﬂ 0j,k) =0 if i > 0. Hence by Leray’s theorem,

H(1X| k) = Hy({o;},F)
Also Serre’s theorem says that
H(X,T)* ~ H'({U;}, T)*
Again by part I, the two Cech complexes
Ci({o;},k) and C'({U;}, T )X
Are isomorphic. Thus
‘HIJLX({UZ}’ k) = I:Ij({UZ}a j)X

This completes the proof of the first isomorphism. The proof of the second isomorphism is
formally the same. O

Let ¢ : X — Y be a proper toric morphism. Let J = §; be a complete sheaf on Y for some
order function f:|Y| — R" and denote g = f o|¢|. Then we have a ¢-homomorphism F; — F,.

Corollary 1.7.2. In the above situation,
a) H(X,F,) — H(Y,§y) is an isomorphism for all i.
b) H(X,F,) = H'(Y,Ky) is an isomorphism for all i
¢) R¢.Fy =0 for alli >0 and ¢.F, ~ T
d) R'¢p.Ky =0 for alli >0 and $.K, ~ Ky.

Proof. |¢| : | X| — |Y] is @ homeomorphism. The second A and the B in the theorem for X and YV
are equivalent under |¢|. The theorem says that the cohomology groups are topological invariants
of X, A and B. This proves a) and b). Statements c¢) and d) follow formally from a) and b) when
Y is affine. O
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Corollary 1.7.3. Let X be a toric variety and J be a complete equivariant sheaf of fractional
ideals. Set f =Ord J. Assume |X| is convex and f is convex. Then, H'(X,J) is zero for all
1> 0.

Proof. For a given character x, let A be given by part b) of Theorem By assumption, |X|
and |X| — A are contractible is | X| # A. The conclusion follows from the long exact sequence of
the relative cohomology used in the proof of the theorem. O

First, let’s do a numerical corollary of the theorem.

Corollary 1.7.4. Let J = §f be a complete equivariant sheaf of ideals on an affines toric va-
riety. Assume that the support of Ox/J is the zero-dimensional orbit. Then, the function dim
I'(X,Ox /Sny) is a polynomial for all integers n # 0. the degree of this polynomial is the dimension
of X.

Proof. Let k be the dimension of X. Let Y be the normalization of X after J is blown up. The
morphism x : Y — X is proper. We have u*F,r ~ (1*Fr)®" as p*Fr = Q is an invertible ideal.
Let F be the closed subscheme of Y defined by Q. Set K = Q/ Q? which is an ample invertible
sheaf of F'. As F' is projective of dimension k — 1,

X(F, K%)= (—1)'h'(F, K®")

is a polynomial for all n and has degree & — 1 by Serre’s form of Hilbert’s theorem.
Claim x(F, K®) = dim I'(X, §ns/S(nt1)s) for n > 0. This claim implies the corollary. For,

dim T(X, Ox [Fng) = Y dim T(X, Fi/Fsnys) = >, x(FK®)
n>i>0 n>i>0
To prove the claim, consider the direct images by u of the exact sequence

0— Q¥ Q¥m 5 KO 0
By the first corollary, @®™’s have no higher direct images. Hence K®" has none. Furthermore,
the sequence
0 = e (QF"HY) = 11 (@) — pu(K€™) = 0
—_——— ——
=St f = Sny
is exact. Thus, by Leray’s spectral sequence,
HY(F,K®") ~ H'(X, 3nf /S nt1)5)
These last group are zero if ¢ > 0. Therefore,
A(EKE) = KO(F, K) = dim D(X, §g /Fns1)7)
O

Before studying the singularities of toric varieties further, let’s consider some of the geometric
meaning of the convexity condition in corollary [I.7.2]

Lemma 1.7.5. Let X be a toric variety.
a) |X| is convex if and only if X is proper over an affine.

b) A complete T-sheaf of fractional ideals on X, J = §y,is generated by its global sections if
and only if f = Inf\>fonx|X In this case f is conver.
Proof. a) let A\ : G,,, = T be a 1-P.S. of T. Assume that X is proper over an affine. Then, }iH(l) A(t)
t—

exists in X if and only if, for all f € I'(X,Ox), f o A is regular at zero.
Therefore A € | X|N N if and only if < a, A >> 0 for all « € | X|Y N M. Therefore | X| = |X|V",

hence |X| is convex. To prove the converse, let

Y = Speck[...,x%, .. Jaemnix|v

and note that there is a caonical map f : X — Y It follows easily that f is proper using the
valuative criterion.

b) Obviously O
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Theorem 1.7.6. Let X be a toric variety and L = Ty be an invertible equivariant sheaf. Then,
L is ample if and only if f is strictly concave in the sense that for each o € Xx there exists a
character x and positive integer n, for which

a) x > nf on|X|

b) oo ={x € [X|: (x,z) =nf(z)}

Proof. L is ample if and only if there is an n > 0 and characters {xz} such that a) the xg’s are
sections of £&(s) form an affine cover of x. But then any invariant affine U must be contained
in one of the Ug’s hence there will also be a section x’ o x}3' of L2 such that U is the open set

where this generates £2™. Since the subsets |U|, and ¢ in |X| are the same, the theorem is a
direct translation of this criteion. O

1.8 Generalities on rational Resolutions

Let f: X — S be a proper morphism between smooth varieties. Denote the dimensions of X and
S by x and s. Let £ be an invertible sheaf on X. A special case of the duality theorem for the
proper morphism f is

Theorem 1.8.1. Assume R'f.(w¥ ® L®71) =0 for i > 0. Then there are natural isomorphisms
RUf L~ Extly “ T (f(Qx ® L271),03)

Recall that a coherent sheaf F' on S is called Cohen-Macaulay of pure dimension k if and only
if gxtfg;j (F, Qg) is zero unless j = k =dimension of the support of F. This fact together with the
theorem immediately implies

Corollary 1.8.2. Assume R'f.(wy @ LZ71) and R f.L are zero for i > 0. Then f.(wyx @ L&)
and foL are Cohen-Macaulay of pure dimension x. In fact, Ea:t?g_sj(—,Qg) interchanges them.

Let’s call one of these shaves the Ext-dual of the other.
Let g : X — Y be a proper birational morphism with X smooth. Call g a resolution (of the
singularities) of Y. Define such a morphism ¢ a rational resolution if

a) Y es normal; i.e., Oy — ¢.Ox is an isomorphism,
b) Rig.Ox is zero for all i > 0,
¢) Rig.wy is zero for all i > 0

Remark 1.8.3. Condition c) is always satisfied in characteristic zero by a generalization of Ko-
daira’s vanishing theorem. /

Consider the two more conditions on the singularities of Y’
d) Oy is Cohen-Macaulay,

e) The natural homomorphism g.Q% — wy is a isomorphism where wy is the sheaf on Y, which
is isomorphic to gXt%;z(Oy7 Og) if Y were embedded in a smooth S. Also, if Y es a normal
variety, wy is isomorphic to the double dual of the highest differentials, Q¥

Proposition 1.8.4. Assuming the above conditions c), we have that a) and b) are equivalent to
d) and e).

Proof. The problem is local on Y. So, assume Y is embedded of a smooth variety S by i. Set
f =1io0g. As condition c) is verified, the theorem gives us isomorphisms

’L'*Rig*OX =~ gXt?g;wii(f*Q§7 Qg) (*)

Thus, b) is true if and only if f,Qx or g.Qx is Cohen-Macaulay. If a) and b), we have that
Oy =~ ¢,Ox is the Ext-dual of the Cohen-Macaulay sheaf f.Q%. Thus, Oy is Cohen-Macaulay
and the homomorphism in e) is the Ext-dual of the isomorphism Oy — ¢.Ox. Hence, a) + b)
= d) +e)
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Assume d) and e) are verified. Then, Oy is Cohen-Macaulay with dual Cohen-Macaulay sheaf
wy by d). By e), we have that ¢g.Q% is Cohen-Macaulay. Equation implies condition b) and
that ¢g.Ox is the Ext-dual of g.Ox. Further,the Ext-dual of the homomorphism Oy — ¢,Ox is
an isomorphism. Hence, d) + e) = a) + b).

O

The forward implication gives an easy way to check Cohen-Macaulay-ness and to find Ext-duals.
In characteristic zero, when Y is normal, Grauert and Riemenscheider have given an intrinsic
characterization of the sheaf g*Q§ which is independent of the resolution g. In this case, the
conditions d) and e) essentially deal only with Y. One says that Y has rational singularities if
these conditions d) and e) are verified.

Returning to toric variety, we can apply the above theory to prove

Theorem 1.8.5.  a) Any toric variety Y is Cohen-Macaulay.
b) Wy 8 Qy.
c) Any proper T-invariant resolution of the singularities of Y is rational.

Proof. By Theorem there is a proper toric morphism f : X — Y with X smooth. By
Corollary 1 of Theorem the conditions b) and c) in the definition of rational resolutions
are verified. Thus, the third statement in the theorem follows because we are dealing only with

normal toric varieties. The last general theorem shows that the first two statement follows from
the third. O
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Chapter 2

The Semistable Reduction Theorem

We have 2 goals in this chapter: the first is to generalize the concept of toric variety of Chapter
I to the concept of toroidal variety. This are embeddings of non-singular varieties U in normal
varieties X such that formally at each z € X \ U the pair (X,U) is isomorphic to (T, T) for some
torus T and equivariant T C T. This allows us to apply an analysis similar to that of Chapter I
to a much greater range of examples. In particular we want then to apply the theory to prove the
famous:

Theorem 2.0.1 (Semi-stable reduction theorem). Assume char(k) = 0. Let C be a non-singular
curve, 0 € C' a point and f : X — C' a morphism of a variety X onto C such that
res f: X\ f10) — C\ {0}
is smooth. Then there is a finite morphism « : C' —s C with C' non-singular, 7=1(0) = {0’}

and a proper morphism p as follows

L X
X +— XxcC

s

Jf l Sy
v

C+——

such that
1. p is an isomorphism over C'\ {0'}.

2. p is projective; in fact p is obtained by blowing up a sheaf of ideals .9 with J|cnjory =
Oxxccrlengoy-

3. X' is non-singular, and the fibre f'=1(0") is reduced, with non-singular components crossing
normally.

As we will see, everything here is an easy consequence of Hironaka’s resolution theorems except
for "reduced”.

2.1 Toroidal Varieties

Definition 2.1.1. Let X be a normal variety of dimension n, U a smooth Zariski open set of
X. We say that U C X is a toroidal variety if for every closed point z in X there exists an n-
dimensional torus 7', an affine toric variety X, containing 7', a point ¢ in X, and an isomorphism
of k-local algebras

Oxz— Ox_ 4

such that the ideal in O x,z generated by the ideal of X \ U corresponds under this isomorphism
to the ideal in Ox, ; generated by the ideal of X, \ T /
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By restricting X, if necessary, we can assume that the orbit of ¢ is closed in X,: such an affine
toric variety plus a formal isomorphism as above will be called a local model at x.

Notice that it follows formally from this definition and from the fact that X, \ T is purely
1-codimensional, that X \ U is also 1-codimensional (see [Gro67] Theorem 7.1.3): we shall write

X\U=|JE;,
i€l

where the F;’s are irreducible subvarieties of dimension n — 1.

To get an idea of this definition, let us assume for a moment that dim X = 2: in that case the

FE;’s are curves and let x be a point in U FE;. Then:
i€l

either a. z is a non-singular point of U FE;: i.e., x is in only one E; and is non-singular on it. Then in
i€l
our local model ¢t is in a dimension 1 orbit, X, is non-singular at ¢, hence X is non-singular
at @,

or b. =z is singular on U E;: then {t} is a dimension 0 orbit, (X, \ T),.q has an ordinary double
iel

point at ¢, hence x either (b;) belongs to two components F;, and E;, which are non-singular

at  and meet transversaly, or (b2) belongs to one F; with an ordinary double point at z.

Moreover the singularity of X at x is quite elementary: i.e., formally X = A?/(cyclic gp.)

which the two branches of U FE; being the image of the two coordinate axes.
iel

We can associate to this situation a graph, the dual graph of the configuration, by attaching a
vertex to each F;, an edge between two vertices corresponding to a singularity of type (b1) and a
loop through a vertex corresponding to a singularity of type (bs)

€2

I Ty T3

El E2 E4 E3

We define also a stratification E| on X as follows:

1. the set U

2. the connected components of the sets E; \ {double points of J;c; E;}

La stratification on a variety X is a finite set S1, 52, ..., S, of locally closed subsets, called the strata, such that
every point of X is in exactly one stratum and such that the closure of a stratum is a union of strata.
If Y is a stratum, we define
starY = |J z=x\ |J 2

Strata Z Strata Z
s.t YCZ s.t ZNY =0
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3. the double points of J,.; E;

Now we can go back to our general situation described in the Def. 1: we shall restrict ourselves
to the case where F; are normal varieties and we shall say in this case that U C X is a toroidal
variety without self-intersection.

Proposition 2.1.2. Let U C X be a toroidal variety without self-intersection and X\U = |J;¢; Ei.
Then for any subset J C I,

o ﬂ E; is normal

JjeJ
. ﬂ E; |\ <U Ez> is mon-singular.
jeJ i¢J
The components of the sets ﬂ E; |\ (U El> define a stratification of X; moreover the
j€J igJ
components of ﬂ E; are the closure of the strata. Finally, if x € X and (X,,t) is a local model
i€J

at z, then the closures of Z of the strata Z, with x € Z, correspond formally to the closures of the
orbits in Xy; in particular if x € Stratum Y, then'Y corresponds formally to O(t) itself.

Proof. Let O,,v € I, be the orbits of codimension 1 in X,, corresponding to the vertices of o
by the Orbit-Cone Correspondence. Then the sets O, are normal and if we denote O, the inverse

image of O, in Spec O x, ¢, then O, is still reduced, irreducible, and normal; hence are the analytics
branches of X, \ T.

On the other, let Ix = {i € I | € E;}. Then since the E; are assumed normal, E,i € I, are
the analytic branches of X \ U at x. Thus, the formal isomorphism

Spec @X’x = Spec (5X0,t7

induces an isomorphism of Iy and I’ under which the E\z correspond to the (/9: Now, if J
is any subset of Ix and J corresponds to J' C I’, let 7 be the smallest face of o containing the
vertices v,/ € J'. Then it follows from the Orbit-Cone Correspondence that

o -0
velJ’

o~

Since we know O7 is normal, it follows that O7 is normal and corresponds formally to Nics E\Z
Therefore (1, ; E; is normal at x. Since z is arbitrary, [, ; E; is normal. Moreover, if we take
J=1Ix and J' = I, then

icJ

o)y= ()0,

vel’
and O(t) is non-singular. It follows then that ();c;.
arbitrary point of ((V;c; Ei) \ (UZ¢ 1 Ei), it folows that this set is non-singular.

FE; is non-singular at z. Since x is an

Call the components of the set ((),c; Ei) \ (U%J E;) strata. Obviously X is the disjoint union
of these sets and their closures are just tje components of the sets (), ; E; and we have checked
that these do correspond formally to the closure orbits. It remains to check the axiom of the
frontier: if Y, Z are strata, t € Y N Z, then Y C Z. But it suffices to prove that

I(Y)Ox . 2 1(Z)Ox,. (2.1)

In our local model, Y corresponds to O(t) and Z to O7, some face 7 of 0. Since O(t) C O7, it

follows that
1(0(t)Ox, . 2 1(07)Ox,
which proves (2.1) O
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Remark 2.1.3. If we do not assume that U C X is without self-intersection, it is still possible to
define a stratification such that for x € X, the stratum containing z is formally isomorphic to the
orbit of ¢ as follows:

If z is r;—fold of F;, i € I,,1 < r; < oo then the stratum containing x is the connected

component through x of the subset of ﬂ E; |\ (U E,) where the multiplicity along each E;
jeJ i¢J
is equal to r;.

/

Definition 2.1.4. Let Y be a stratum.

MY = Group of Cartier divisors on Star(Y"), supported on Star(Y)\ U
MY =MY @R

NY =Hom(M",Z)

Ng = NY ® R = Hom(M3 ,R)

M}: = sub-semigroup of MY of effective divisors

o ={zeNy |(D,z) >0 VDeM}}CNy.

/

If Star(Y) \ U = U, Ei, then MY is a subgroup of the free abelian group of Weil divisors
> ey miE; on Star(Y). Thus MY and hence N are finitely generated free abelian groups, and
M7, N} are dual finite-dimensional real vector spaces. Moreover M}_/ is clearly the intersection
of MY with the convex rational polyhedral cone in M and oY is the dual cone in N} . We can
relate the M, N and ¢’s to our models via:

Lemma 2.1.5. Let x be a closed point of Y and (T, X,,t) a local model at x. Let E; correspond
to the codimension 1 orbit O; C X, and hence to the face RT -v; C 0. Then the following are
equivalent:

1. > n;E; is a Cartier divisor on Star(Y')

2. > n;E; has a local equation at x

3. Zm@ has a local equation at t

4. > n;0; is a Cartier divisor on X,

5. 5. n,0; = (X") for somer € M(T).
Proof. The equivalence (i) <= (iii) follows because an ideal I in a Noetherian local ring O is
principal if and only if I - O is principal.

Now (v) = (iv) = (iii) and (i) == (i) are obvious. Next start with any Weil divisor
D =3 n;0;. Then {y € X, | D has a local equation at y} is an open T-invariant set V. If t € V,
it follows that V contains all orbits O such that ¢ € O, ie., V = X,. Thus (iii) = (iv).
(iv) = (v) [See Theorem [1.4.3]. Finally to see (i1) = (i), it suffices to show, for all closed
points ' € Y,

Z n;E; has a local equation at ' <= Z n;F; has a local equation at ny

where 7y is the generic point of Y. Again (=) is obvious. To prove (<), we may as well
rename ' = z, and use the local model (T, X,,t). Let 79 a generic point of O(t) C X,. Then

localizing @X,z = (/Q\ngt, with respect to the prime ideals of Y, O(t) resp., one checks that
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> n;E; has a local equati(in at ny if and only if Zm@ has a locaquuation at ng. By the same
argument as above, > n,;0; has a local equation at 7y implies Y n;0O; is a Cartier divisor on X,
hence Y n;E; has a local equation at z. O

Corollary 2.1.6. There are canonical isomorphisms:

1. MY =2 M(T)/{r |r=0 on o}

2. NY =~ Vect.spany 1y, (o)

Proof. Define the map

M(T) — MY
By Lemma|2.1.5|it is surjective and the kernel is just {r | (X") =0 or X" € (0% )} = {r |r=0on o}
This implies (i) and (ii). From the obvious fact that > n;E; is effective if and only if > n;0; is

effective, it follows that in this map, MY is the image of & N M(T'), hence in the map of (i), o¥
corresponds to o. O

Corollary 2.1.7.

1. If Z is a stratum in Star(Y'), then there exists a positive Cartier divisor D on Star(Y) such
that Star(Z) = Star(Y') \ Supp(D).

2. If D is a positive Cartier divisor on Star(Y'), then Star(Y) — Supp D = Star(Z) for some
stratum Z C Star(Y)

Proof.

1. Let Z correspond formally to O7 via the isomorphism

OX,x — OXa',t~

There exists r € M(T) such that r > 0on o, and 7 = {o Nz | r(z) = 0}. Then (X,),, = X,
i.e., it is the open subset consisting of orbits @7 for all faces 7/ of 7. Let (X7) = 3. n;0;
and let D = > n;E; be the corresponding divisor in Star(Y’). Star(Y) \ Supp(D) is a union
of various strata Z’, and if Z’ corresponds formally to O7’, then

Z' C Star(Y) \ Supp D <= Z’ ¢ Supp D
= O™ ¢ Supp (X")
— 07 D07
— 27'D2Z
< 7' C Star(Z).
2. If D=>"n;E;, let Y. n;0; = (X"). Since n; >0, X" € ['(Ox,) and r > 0 on 0. Let
T=o0n{x|r(z) =0},

and let O7 correspond formally to Z for some stratum Z C Star(Y’). Then the same argument
as in the previous item, shows that Star(Y") \ Supp D = Star(Z).

25



O

Now we saw in Proposition that there is a bijection between the strata in Star(Y") and
orbits in X,. This now induces further bijections:

{Strata in Star(Y")} = {Orbits in X,}
= {Faces of o}

o {Faces of O'Y}

We can identify this bijection intrinsically on X without use of local models as follows:

1. If Z, = E; \ (U]_# Ej) is a codimension 1 stratum in Star(Y'), and E; corresponds formally

to O; C X,, then O; corresponds to the ray R - v; € N(T) where

v, : M(T) — Z
ro— (order of vanishing of X" on @)

Therefore the above bijection takes Z; to the linear function:
icJ
Note that by definition
MY ={zeM” | ei(x) >0 Vi},
hence ¢Y is the span of the vectors e;’s.

2. If Z C Star(Y') is any stratum, then

Z=|E-E

icK i¢K

N Star(Y)

where K = {i | Z C E;}. Then if Z corresponds to 7, for all i,

ZCE, <= 72RT.g.
Therefore 7 is the face of o spanned by {e;}; -
Definition 2.1.8.
R.SY(X) = {\: Speck[[t]] — X | \ is a k-morphism and \(n) € U for 1 the generic point}

/

R.S. is short for “Riemann Surface” as used, more or less, by Zariski (in, for example, [ZS60)]
page 110). Notice that we have a pairing:

() R.SY(Star(Y)) x MY — Z
(A D) == (\D)=0rdg (\"'D),

where Ordp is the order of vanishing at the closed point 0 of a divisor. This pairing dualizes
to a map:

Ord : R.SY(Star(Y)) — NY
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and since (A, D) > 0 if D is effective, Ord factors through o¥:

Ord : R.8Y(Star(Y)) — oY N NY

This is the non-linear analog of the interpretation of N(7T') as the 1-P.S.’s of T" and of e N N(T)
as the 1-P.S.’s which extend to morphisms A : A} — X,. We will see below that, in fact, oV NNY
correspond to the image of Ord. For the moment, notice that:

(Int 0¥) NN C Image(Ord) (2.2)

In fact, taking a closed point € Y and a local model (T, X,,t), we may assume that ¢ is the
distinguished point in its orbit in the sense of i.e., for each a € (Int(c)) N N(T), A\, (0) = t.
Hence )\, induces A,:

Speck[t] = A} e X,

[

Spec k[[t]] —--22__, Spec ((5th>

hence p - Aq € R.S.Y(Star(Y)) and it is immediate that in the isomorphism of Corollary of
Lemma[2.1.5, a = Ord (p . ;\a>

“Ord” also gives us a direct relation between the strata in Star(Y') and the faces of o :

Lemma 2.1.9. Let A € R.S.Y(Star(Y)). If Z C Star(Y) is a stratum and v is the corresponding
face of 0¥ as in Proposition then:

A0) < Ord Xelntt

Proof. Suppose K = {i | Z C E;}, so that 7 = cone({e;},. ). Then Ord A € Int 7 is equivalent
to:

VD € MY such that D >0ono” : (D,0rd \)=0<= D=0onr

Such a D comes from a positive Cartier divisor D = > n;E; on Star(Y) and:

1. (D,0rd A\) =0 <= X(0) ¢ Supp D

2. D=0on7<= (D,e;) =0 Vie K
<—n; =0 VieK
< Supp DNZ =10

Thus Ord X € Int 7 is equivalent to:
V positive Cartier divisor D on Star(Y): A(0) ¢ Supp D < ZNSupp D = 0.

By the second Corollary to this means A\(0) € Z. O

The final step is to glue together all the polyhedral cones o¥ into one big conical polyhedral
complex. We must first compare o¥ and 0Z when Z is a stratum in Star(Y): There are canonical
maps a¥Z and 3Y'? (which we abbreviate to o and 3):
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1. MY %5 M7, the restriction of divisors from StarY to Star Z. Hence,

My % ME
NY £ N7
NY LENE
and S is the dual of a.
3. MY = M7 (since restriction of positive divisor is positive). Thus,

4. o¥ iaz.

where (3 is the dual of a.
Lemma 2.1.10. MY — M?Z is surjective.

Proof. Let {E;}, . be the components of (Star(Y))\ U. Let {E;}, x be those E; C Star(Y) \
Star(Z). If D is a Cartier divisor on Star Z \ U, we can write

i€J\K
and extend it by the same formula to a Weil divisor on Star(Y). We seek
D'=D+> mE;
i€K

which is a Cartier divisor on Star(Y'). If z € Y, it suffices by Lemma that D’ have a local
equation at x. Let (X,,t) be a local model at = and let

D= Y 0
ieJ\K

be the corresponding Weil divisor. If Z corresponds to the face 7 of o, then by the argument
used in Lemma [2.1.5]

D Cartier divisor in Star(Z) = D* Cartier divisor in X,.

But then again by Lemma D+[y = (X")|x, for some r € M(T). Then let D*¥ = (X7):
this is a Cartier divisor on X, extending D*| x,- Then D’ can be taken as the corresponding
divisor on X. O

Corollary 2.1.11. NZ — N is injective and considering this as an inclusion: N2 = NZNNY

Corollary 2.1.12. If Z corresponds to the face T of oY, then the inclusion N7 — NE maps 0Z
isomorphically onto 7.

Proof. Using the notation of the lemma, let e; € NY be the map >-njE; — n;, i € J. Then
ifi € J\ K, e;(>_n;E;) depends only on the restriction of ) n;E; to Star(Z), hence these e;
are in NZ. Now we know that since Star(Z) — U = Uienx Eis oZ is spanned by {eitien k- On

the other hand, M}, we know that 7 is spanned by {ei}ie]\K. Therefore 0% goes onto 7 in the
inclusion Mﬂg — MI{. O
Corollary 2.1.13. The diagram
R.8.Y (Star 7) -4, o7
. j

R.8.Y(StarY) 24 oY

=
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commutes, hence

Ord : R.S.Y (Star(Y)) — 0¥ NNY
18 surjective.

Proof. The commutativity is immediate from the definitions and then surjectivity of Ord follows
from the fact that for all Z, Im (Ord(z )) D (Int 0#) N NZ, hence by the first Corollary to Lemma

Im (Ord(y)) D (Interior of face 7 corresponding to Z) N NY.

Next two general definitions on the kind of objects we are seeking to define

Definition 2.1.14. A conical (compact resp.) plyhedral complex A is a topological space |A| plus
a finite family of closed subsets o, C |A| called its cells plus a finite-dimensional real vector space
V, of real-valued continuous functions on ¢, such that

(Conical case) via a basis fi,..., fn, of V,, we get a homeomorphism

bo i 0o —> 0 CR™
where ¢/, is a canonical convex polyhedra in R™ | not contained in a hyperplane,

(Compact case) 1. V, 2 R, the constant functions, and via a basis 1, f1,..., fn, of Vi, we get a homeo-
morphism:
bt o — ol CR"

where ¢/, is a canonical convex polyhedra in R™, not contained in a hyperplane,

2. ¢ (faces of of,) = other oj;s, which we call the faces of on; we call ¢, ' (Int o7,) the
interior of oy,

3. |A] =

4. If o = a face of 0,, then res;, Vo, = Vp

/

We can “explain ” “ the idea of V,, as follows: we want o, to be a conical or compact polyhedron in
an actual real vector space, but unique only up to linear transformations, or affine transformations
in the 2 cases.

Definition 2.1.15. An integral structure on a conical (compact resp.) polyhedral complex is a
set of finitely generated abelian groups L, C V, such that:

0. (Compact case only) L, 2 nZ, the constant function with values in nZ, for some n,
1. L,9R =V,
2. If 03 is a face of o4, then resg, Lo = Lg.

/

Remark 2.1.16. If A is a compact polyhedral complex, we can “expand””~ A to a conical poly-
hedral complex A’ canonically:

&)= 1A% [0.00) /

~

where ~ identifies |A| x {0} to one point. Afterwards, setting

|0—;1| = |0a| X [0,00)/
V! = {functions on o, of form (z,t) — t- f(z), f € Va}.
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where ~ identifies 0, x {0} to one point.

Given a conical polyhedral complex A, if f is a continuous function on |A| such that
o res,, f €V, for all o
e f(x) >0 for all  with equality only if x = apex

then we get a compact polyhedral complex Ag:
[ Aol = {z € [A[| f(z) =1}

(0a)y = 0a N |Ag]
(Va)o

res(g,), Va-

/

Our final point is simply:

To every toroidal variety without self-intersection U C X, we can associate a conical polyheral
complex with integral structure A = (|A|, oV, M Y) whose cells are in 1 — 1 correspondence with
the strata of X.

This is now quite simple to define. We set

|A‘ = HStrataYUY/

where the relation ~ is generated by isomorphisms

~

Y% . 6% = face of 0¥

whenever Z C StarY.
Explicitly, the equivalence relation is:

the faces 7; of ¥ containing x;

v v, correspond to the same stratum
1 2

r1E€E0 T ~To2E€C0C <
Z C StarY; NStarYs and x1, 2o

correspond to the same point of %

so that |A| = {disjoint union of Int ¢¥ } and the identification is carried out like this: for every
Y1, Y, Star(Yy) N Star(Ys) is an open set in Star(Y7) and a union of strata; hence it is the set of
strata corresponding to the set of faces of a closed subpolyhedron ¢¥1:¥2 C ¢¥1. Define

¥y,
oY1, Y2 h'1 72 s gY2:Y1

~

N N

Y1 Y2

g (o

by requiring that for all Z C Star(Y;) N Star(Ys), h¥1¥2 equals Y27 o (ﬁylvz)_lz

o2
g"1.Z BY2:Z
(Face corresponding to Z) --------------- » (Face corresponding to Z)
N N
ot At

on the face corresponding to Z. For this to be possible, there is a compatibility condition to
check whenever W C Star Z, Z C StarY, i.e., that the diagram
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ﬂZV \
BYW

is commutative. This is immediate.

Remark 2.1.17. It also follows immediately that all the “Ord” maps patch together to one big
“Ord” map:

R.S.Y(Stary) — 24 5V

) j

RSY(X) — 24 (A

/

2.2 Theorems on Toroidal Varieties

We should like to study to what extent a toroidal variety is determined by A. More precisely, one
cannot, of course, expect that A determines U C X; rather if you fix one toroidal variety U C X,
it turns out that polyhedral subdivisions of the associated A determine canonically new toroidal
variety U C Z dominating U C X:

Z

e

U birational morphism

AN

X

we work up to this in a sequence of theorems that we number analogously to those in chapter
I. For the whole of this section, fix a particular toroidal variety U C X without self-intersection.
The following idea is due to Hironaka:

Definition 2.2.1. A birrational morphism f :

/

is called canonical if for all z1, 22 € X in the same stratum Y and all
a:Ox g, = Ox x,

which preserve the strata, i.e., if Y C Y* for some stratum Y*, then « takes the ideal of Y* at x;
to the ideal of Y* at zg, « lifts:

Z X x Spec @X,CEI += Z x x Spec @X,xl

l |

A Spec « ~
Spec Ox s, Spec Ox s,
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Now fix a stratum Y C X and consider diagrams:

Z

/

U !

StarY

f affine and canonical

Z normal

Theorem 2.2.2. There is a 1-1 correspondence between the set of diagrams (x) and the set of ra-

tional polyhedral cones T C ¥ given by T — Z, = $l, where i, = subsheaf Z Ostar v(—D)

DervnMY
of R(X). For all such diagrams, U C Z is another toroidal variety without self-intersection, and

with a unique closed stratum Y. moreover, 3 unique linear isomorphism v making the following
commute:

R.S.Y(Star Y)% oY

and if A € R.S.Y(Star Y), then
ANeRSY(Z)<= Ord e

Proof. To make Z. more explicit, note that we can construct it as follows: Let Dq,..., Dy be a
basis of the semi-group 7V N MY . Then if V C Star Y is any open set where each D; has a local
equation J;, then

Uyl = Ovl[di, ..., 0n]

In particular, L, is quasi-coherent and Z. is well-defined. It is evident that f : Z, — Star Y is
affine and canonical.

In particular, 4, is a quasi-coherent and Z. is well-defined. It is evident that f : Z, — Star Y
is affine and canonical. On the other hand, abbreviating ¥ by o, we can use the theory of chapter
1, to construct affine toric varieties containing the n-dimensional torus 7"

X,

AN

for any closed point x € Star Y, one can choose a suitable orbit in X, a closed point ¢ in this
orbit and a local model @X,x ~ @Xg,p In this isomorphism, §; corresponds to u;x" for some unit
u;, and r; € M(T). Then 71, ...,y generate the corresponding semi-group 7¥ N M (T) in M(T),
and X, = SpecOx_[x™,...,X"~]. Therefore our formal isomorphism lifts to ¢:

Xy

Z; X x Spec (’A)X,,; % X,Tx, Spec (’A)Xg,t

) / \XT

R

[

g

X ¢+—— Spec@xﬂc - Spec@xgyt — X
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Passing to completions at a point ' € Z, this gives us simultaneously local models at all points
of Z, over x, hence proves that Z, is normal and that U C Z. is a toroidal variety. Moreover since
in the morphism X, — X, each orbit of X is smooth over some orbit of X, it follows that every
stratum of Z. is smooth over some stratum of Star Y.

We may make a simplifying reduction to the case 7 N Into # ¢ at this point. Because if ¢’ is
the smallest face of o containing 7 and ¢’ corresponds to the stratum Y’ C X, then it follows from
the existence of ¢ and the fact that Im(X, — X,) C Star O,. To go further we need: O]

Lemma 2.2.3. For all orbits O C X,, ¢~ *(O) is irreducible and normal.

Proof. Note that ¢ is a flat morphism with regular fibres, hence O normal = ¢~'(O). If Op =
image of O in X,, note that

a) Op is normal

b) Since the stabilizer of a point of Qg is connected, @ ~ Oy x T for some torus 7”, hence
R(Op) is algebraically closed in R(Op)

Irreducibility now follows from: O

Lemma 2.2.4. Let f : X — Y be a morphism of varieties, Y1 = f(X) and let y € Y. If
a) Yy is normal at' Y
b) R(Y1) is algebraically closed in R(X), then:
X Xy Spec @y,y
1s irreducible.

Proof. Since X Xy Spec @yyy is flat over X, all its generic points lie over the generic point of x.

Thus it is enough to show that R(X) ®p, , O,y is an integral domain. But

R(X) @0,y Oyy = R(X) @r(yy) [R(Y1) @0,,y, O]

by (a), O,y is a domain and R(Y1) ®0, ,, Oy.y; is part of its quotient field, which is separable
over R(Y7). Therefore by (b), the whole thing is still a domain. O

Now assume that we have chosen a point z € Y, so that the corresponding point ¢ is in the
closed orbit of X,. In this case:

a) Vstrata W C Z,, nw € Image p
b) V orbits O C X,, no € Image ¢

because the image of ny in X (resp. of o in X, ) equals the generic point of some stratum (resp.
some orbits) which lies in Spec O, x (resp. Spec Oy x,). Let

FEy,..,Exy =comp. of Z. — U

O1,...,0p = comp. of X, =T
It follows from lemma [2.1.5] that the sets:

—_

of schemes ¢~1(0;)

2. of components of shemes ¢~1(0;)

3. of components of X, xx, Oy — ¢~ 1(T)
4. of components of Z, x x Ox — p~1(U)
5. of components of schemes p~(E;)

are all equal or in 1-1 correspondence. We would like to show that the scheme p~!(E;) are
irreducible so that we can add to our list the set:

6. of schemes p~!(E;)
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Suppose to the contrary p~Y(E;,) has > 2 components which correspond say to ¢~(O;,) and
¢ 1(0;,). we can find a character chi” of T with 7 > 0 on 7 such that

a) x"=0on O,

b) x" unit generically on O;,
But (x") correspond formally to the Cartier divisor D on Z, supported on Z. — U and r > 0 on
7 implies D effective and a) and b)imply:

a’) D = 0 on the branch of E;, corresponding to O;,

b’) D # 0 on the branch of E;, corresponding to O,,

But FE;, is irreducible so D has a definite multiplicity along E;, which is either positive or zero,
i.e., a’ and b’ are incompatible. Thus p~!(E;,) is irreducible. This shows incidentally that for each
i, p(p~1(E;)) = ¢ *(O;) for some j, hence the E; are normal. Therefore U C Z, is a toroidal
variety without self-intersection. But more than that, we can show that Z, has a unique closed
stratum. In fact, let O* be the closed orbit in X, and let t* € O* be a closed point lying over
t € X,. This gives us (t*,t) € X, Xx, Spec @t,X(, and X* = p(¢~1(t*,t)) € Z,. Then I claim:

V strata W C Z,,2* € W hence the stratum Y containing z* is the only closed stratum.

In fact, suppose W is a component of m E;. Then p~'(W), even if it does not remain irre-

i€
ducible, still contains a component of ﬂ p~(E;). Hence for some .J’
i€J
#(p~1(W)) D a component of ﬂ T HO) = q ﬂ (0;)). But ﬂ O; is in fact, the closure
icJ’ i’ icJ’

of an orbit O (i.e., let 7/= least face of T containing the vertices in .J '+ then let O correspond to
7). And we have seen that ¢~1(O) is irreducible. Therefore

P(p~'(W)) D¢~ (0)

Since O* C O, t* € q@. therefore z* € W. i
This proves that Z; = Star Y. Finally, to compare 7 and oY, pass to the completion of
Z; xx, O x, at (t*,t) to get local models for X and Z, simultancously:

OZT,a:* = OXT,I*
Ox.z & Ox, .+

As above let E; and O; be corresponding components of Z, —U and X, —T.Then as in Section
1 (verificar referencia):

> “niE; is a Cartier dividor in Z, = » n;0; is a Cartier divisor in X,
= Zni@i = x"some r € M(T)
— Z n;O0; = ¢* D, D a Cartier divisor on X,
== Z n;F; agrees formally at z*with f*D, Da Cartier divisor on X
= Z niE; = f*D, D a Cartier divisor on X

In other words, D — f*D sets up i
MY ~ MY (2.3)

hence _
Ny ~ Ny (2.4)

But also:
S n,E; effective <= > n;o; effective

<= the corresp. linear function Oy, o,

is>0onT
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hence in the identification (2.4)
Mf ~ VMY
and in (2.4)
o¥ ~71

It is immediate that isomorphism is compatible with ord since for all A : Spec k[[t]] — Z, and
De MY,
(foX D)~ (A D)

And if X : Spec k[[t]] — X is given, then clearly A lifts to Z, is and only if
M\*(8;) € E[[t]], (0; local eq™ of D;, D’s generators of 7¥ N MY)

ie.,

(Ord A, D;) >0,1<i <N,

and this is equivalent to Ord \ € 7 = 7.
It remains to prove that all affine canonical modifications of Star Y are obtained in this way.

Let

U !

N

StarY

be a canonical affine modification. For all D € Mf, define a sheaf of ideals:
Op ={a€O0x: % € f.Oz,6 = local equation of D}
Then because f, Oz|; = Ostar v|y and fxOz is quasi-cohenrent, it follows easily that

f*OZ = U QDOStar Y(D)

Y
DeMY

Moreover, because f is canonical, so is Qp (i.e., Qp in invariant under all formal isomorphism «
as in definition In the way, we can easily reduce the proof that Z = Z., some 7, to:

Lemma 2.2.5. Let § be a canonical coherent sheaf of fractional ideals on StarY . Then3 dy,...,D, €
MY such that

F= Ostarv(Di)
i=1
Proof. Let {z1,...,z4} =Ass (§) and Z; = {z_l} Let

reyY — U =
all @ s.t. Z; Y

be a closed point and ¢ : (’A)LX — @t,xg a local model. We prove the lemma in 4 steps.
Step I: 3z, ., € M(T) 5.t ¢(FOpx) = (X5 o0 X'™)
Step II: 3Dy, ..., D, € MY 5.t Fo = Ostar v (D)

Step III: 3Dy, ..., D,, € MY and a neighborhood V of z such that:
Flv = Ostar v(Dy)

Step IV: 3Dy, ..., D,, € MY such that § = >_ Ogar Y(D;)
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Step I: The fractional ideal 2 = ¢(F - @IX) in @t,XU is by hypothesis invariant under all
automorphism of O, x, that leave fixed the componentsof X, — T. Let O C X, be the orbit

through which we can assume closed. Then also forall associated primes p of 2, p C o' =T (O@t).lf
Ty =stabilixer of ¢, then we can write

T = Ty xT;
X, = X, xX,
O = {Hi} xTy
t = (t1,1)

Now embed
Ty ~ (A" — {0})* c A*

Define

v X, — X,
Y(x1,t2) = (21,82 — 1)

taking the point ¢ to the point # = (£,0) € X’. via ¢ on the O;x, and O, x, as well.
Therefore by assumption 2 is invariant under this action. By the usual argument this means that
2 is generated by characters for this action, i.e., by x" oy, r € M(T). But now 2 = Q((ﬁt)p no,
and in (@t)g,, all the characters x" o ¢, r € M(T3), became units. Bit xy oy = x" is r € M(T}), so
2 is generated by characters x".

Step I = Step II since if 01 is a local equation of E;, then ¢(d1) = uy o X", u; unit and r; a
basis of ¢¥ N M (T).

Step I = Step III by coherency.

Step III = Step IV: In fact, for all closed points ' € Star Y, choose z”” € V in the same
stratum as z’. Then there exists ans isomorphism

1/J : Or’,X = Oz”,X

preserving strata. Sinece § is canonical, we get

¢(3"Oz/,x) = &'@z”,X
= Y0 x(D))
53 O x (D))

and hence: . .
Sxr =0y xNFOy x =Oyp x N Z Oy . x(D;) = Z Oy . x(D;)
O

Having proven Theorem [2.2.2] we can now make rapid progress: the analog of Theorem [I.3.4]
has already been worked out in the first section in the very definition of ¥ and Ord. We get next:

Theorem 2.2.6. If 71,7 C 0¥ are rational polyhedral cones, then there exists a morphism g:

U : Z,,
\ A
X
if and only if 1 C 9. Moreover g is an open immersion if and only if 71 is a face of 5.

The proof is completely analogous to that of the orbit cone correspondence replacing orbits
by strata, 1-P.S. by elements of R.S.Y(x), and descriptions of the affine rings of X, , X,, by
descriptions of the sheaves f1,*Ozfl , f27*0272

Theorem 2.2.7. Z, is non-singular if and only if ™V N NY over Z
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The proof this time uses the known characterization of smooth cones and carries it over to Z,
by using local models Ox 7z ~ O x,

Definition 2.2.8. If A = {|0|,04,Va} is a canonical polyhedral complex, then a finite partial
polyhedral decomposition is a second conical polyhedral complex A" = {|A'[, 073, V5} with

INESIN
2. VB, Ja such that Intoj; C Int o,
3. If of5, then Vg = resqr Vo

/

If {Lo} is an integral structure on A, then A’ is called rational if whenever oj; C 0, then o}
is defined by inequalities [ > 0,1 € L. In this case, L/; = res,. L, is an integral structure on A’.
B 8
This is a polyhedral complex decomposition.

Definition 2.2.9. Consider diagrams:
Z

f birational

U
X
where:

1. Z has an open covering {V;} such that U C V;, f(V;) C Star ¥; for some stratum Y; and V;
is affine and canonical over StarY;

2. Z normal
We call these allowable modification of X /

We can construct them from f.r.p.p. decomposition A’ of A by reversing the procedure followed
at the end of section 2.1: set

Inr == s Z"Za/

Explicitly, the equivalence relation is

The strata containing z; and x»

correspond to a common face 7 of
1'162623 NI‘QGZULY <~
023 and U’7 and z; and x5 come from

the same point of Z,

so that Za, = {disjoint union of the closed strata Yzin each Zag}. The identification can be

carried out like this: Vj3, 'ya;g N O’fyiS a closed subpolyhedron of O’IB; hence it corresponds to a set of
strata forming an open subscheme Z3 ) C fo;s' Define

Z(8,%) % Z(v,8)
/)/ (ﬁv’Y) \O

Zy

) Zg,

by requiring that for all faces 7 C o3 N o”), k(s ) should be given on the image of Z; by:
Zr
7%
Im[Z, — Z,/] Im[Z, — Z,/]
B o

N N
Z(8,%) Z(v,8)
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The only compatibility condition here is that when 7 C 75 C 73, then the middle triangle here:

should commute. This is clear. It is immediate from the affine correspondence of toric varieties
and this construction that (1) Za- fits into a diagram

ZA/

U f

AN

X

that (2) U < Za/ is a toroidal variety without self-intersection, that (3) A’ is the polyhedral
complex associated to U < Za/,that (4)the diagram:

R.S.U(ZA/)iqu

. |

RS.U(x) —2 )

commutes and that (5) if A € R.S.Y(X), then A € R.S.Y(Za/), if and only if Ord A € |A’|. By
the valuative criterion for separation, Za/, is separated (i.e., each Za;j is affine over the separated

scheme X, hence is separated; and if ASpec k((¢)) — U has extensions to 2 of these open pieces:
@t Spec k[[t]] — Zo,
v @ Speck[[t]] = Zy

then in |Al, ord = ord v, so u(0),v(o) both lie in some Z;/, 7 = common face of 0,0’ and p,v
both factor through Z,.) This proves:

Theorem 2.2.10. The correspondence A’ — Za:, defines a bijection between the f.r.p.p. decom-
position of A and the isomorphism classes of allowable modifications of X.

We also find:

Theorem 2.2.11. Let A', A" be 2 f.r.p.p decomposition of A. Then there exists a morphism g:

2N

A'—>ZA”

if and only if for all polyhedra oy of A", o7y C o7 for some polyhedron ol of A"
Theorem 2.2.12. The morphism g is proper if and only if |A'| = |A”|

(proof immediate by valuative criterion for properness.)
Next we can generalize Theorem along the lines already indicated in lemma We
consider canonical coherent shaves § of fractional ideals on X, i.e. Vo : Oy, x — Oy, x, preserving

strata, a(F.,) = Sz, By lemma [2.1.10} it follows that for any stratum Y,
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g|Star y = ZOStar Y(_Di)a some Dl; ;Dn S MY'
i=1

This allows us to define a map

ord §:|Al =R

in the following way:
Vz € oY, ord §(z) = min < D;,z >
1<i<n

Note that:

OrdF(ord \) = min (D;,Ord\)

1<i<n
= min ord gpA"1(D)

1<i<n

= ordoA"1(F)

and hence the definition is independent of the choice of D;. Clearly Ord § is a function f : |§] = R
such that:

() fOr-2) = A f(@), ) € RT

(ii) f is continuous, piecewise-linear,
(iii) feY NNY)CZallY

)

(iv) f is convex on each o¥

A function satisfying this conditions will be called an order function.

Conversely let f :|A| — R be an order function. for all Y, put

&)y = Z Ogtar v (—D)

DeMY ,D>fon oY

Theorem 2.2.13. I Let f : |[A| = R be an order function. Then the (§s)y can be patched
together into a canonical coherent complete sheaf §y of fractional ideals on X.
II. o) ord Fr=Ff
b) Sora ¢ is the completion of f

c) The maps § — ord § and f — §y define bijection between the set of canonical coherent
complete sheaves of fractional ideals and the set of order functions f.

d) § C 3§y if and only if ord § > f
e) ord §1 - Fo = ord F1+ ord Fo
f) Flstar v =~ Ostar vy if and only if ord F =0 on o¥

I a) ' =5, where g is the convezinterpolation of ord § on [y Sk'(cY)

b) (37! = Fif and only if § is complete and ord § is the convex interpolation offunction
of a function N, Skl (oY) — Z. Moreover there exists a bijective correspondence between
the set of canonical Weil-divisors (i.e., those supported on X —U ) and the set of intgral
functions on Ny Sk (o).

¢) The following are equivalent:

i) § invertible
’LZ) g 5_1 = OX

i) ord § is linear on each ¥

The proof is similar to that of Theorem [1.5.1
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Theorem 2.2.14. Let § be a canonical coherent sheaf of fractional ideals. Let By(x) be the
normalization of the variety obtained by blowing up F. Then Bz(X) is an allowable modification
of X and is described by the f.r.p.p. decomposition of A obtained by subdividing the 6 ’s into the
biggest possible polyhedra on which ord § is linear.

Proof. First,f : Bg(X) — X is an allowable modification: In fact, if

S|Star y = Z OStar Y(*Dz)

i=1
the f~!(Star Y) is covered by the n relatively affine open places which are the normalizations of:

Vi = Spec 2;, 2; = {Ostar v — algebra generated by O(D; — D;),1 < j <n}
[Sinceif, locally in Spec R C Star Y, §; is an equation of D;, then § is given by the fractional ideal
>~ 8;R, hece the blow-up is covered by affines with rings
Si = R[01/04, ..., 6n /3]

and S; is the Ogyay y-algebra generated by O(D; — Dy),...,Op,—p,,.] As Bz(X)is also charactezed
as the minimal normal variety dominating X such that the pull-back of § is invertible, [T.6.1] follows
from Theorem [L.5.11 O

Finally the proof of Theorem [1.5.1] goes over immediately to prove:

Theorem 2.2.15. For any toroidal variety U C X without self-intersection,there exists a canonical
sheaf ofideal 2 C Ox such that Bo(X) is non-singular.

There is another situation that we must analyze for the sake of its application to semi-stable
reduction. This does not involve any new ideas but rather a slight reformulation of what has been
studied so far in a new situation. Suppose that in addition to U C X, a toroidal variety without
self-intersection, we are given a positive Cartier-divisor D with support exactly X — U. We can
associate to the triple (X, U, D) a compact plyhedral complex Ay with integral structure, where

|Alo = {z€|A|l:<D,z>=1}
oy = |d|Nna¥
resgy (MY )giving integral structure.

Note that a polyhedral subdivision of Aq gives a conical polyhedral subdivision of A and vice
versa. When one has a compact polyhedral complex with integral structure (Ag, 04, La ), note that
one can define several more structure on Ag:

a) An increasing series of "lattices" on Ag: v > 1
1
(A0)az ={z € |Ao|:ifr € 0a,thenVf € Lo, f(z) € ;Z}

Every rational point of Ag lies on one of these lattices but each (Ag)1y

b) a volume element on each polyhedron o, or even on each rational polyhedron 7 C o, (possibly
of lower dimension than o,): let L = res, L, and if kK = dimr, let 1/a, fi, ..., f be abasis of L.
Use fi,..., fx to define F': 7 — R* and pull-backthe volume elemnt. Since this embedding is
unique up to translation and unimodular transformation, the volume element is well-defined.

Theorem 2.2.16. Given U C X and D as above, let A’ be an f.r.p.p. decomposition of A and
let Af be the associated decomposition of Ag. Let f : Zar — X be the corresponding modification.
Then

a) the vertices of Af are in (Ag)z if and only if f—1(D) vanishes to order one on each component
Of ZA/ -U

b) If a9 holds, then moreover the volumen of every polyhedron o in Ay is 1/(dimdim 1o); if
and only if Za: is non-singular.
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Proof. To probe a), note that the components E; of Zan, — U correspond to the one-dimensioal
faces R* - v; of A’ and hence to the vertices of Aj. If we normalize v; so that V; isa primitive

1
vector in NV, then (D, v;)Z. Let (D,v;) = v. Then —uv; is the corresponding vertex of A} and
v

1
—v; € (Ap)z if and only if v =1
v
On the other hand
v = least integer nsuch that (D,v) = n,some v € N¥ N (R' - v;)
= least nsuch that (D,ord \) = n,some A € R.S.“(X) with A\(0) € E; — ﬂ E;
J#1
= multiplicity to which f~'(D)vanishes along F;
This prove a). As for b) note that if 7 is a k-dimensional compact polyhedron with integral vertices,

then

vol(t) = k—;an,aZ 1

and the certainly a > 1 unless 7 is a simplex. Thus for either of the 2 conditions in b) to hold, all
To must be simplices. We are now reduced to:

a
!

Lemma 2.2.17. Let Ny be a real vector space, N C Ny a lattice, N* = Hom(N,Z).Let zg, ..., x) €
N be independent vectors such that 31 € N* with l(x;) =1, D < i < k and let 7 = [convez hull
of xg,...,x in the hyperplane I = 1]. Using N*, induce a volume element on 7. Then (in the
notation of Chapter I)
mult (xo, ..., k)

k!
Proof. Choose an isomorphism N ~ ZFt! so that o = (1,0,...,0) and [(ag,...,a) = ag. If
T = (1,agl)7 ...,a,(;)), then

vol(7) =

1 0 --- 0
1 agl) e a,(cl)
mult (zo, ..., v) = det '
1 a(lk) s a;@k)
and
agl) ag)
Vol 1 .
ol(r) = o] :
(k k)
) agc

/
To T
Z """"" = cone(xoxrirs)
To I
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2.3 Reduction of the theorem to a construction

Now return to the situation in the introduction to this chapter:

f: X" —cC's0
with res f: X\ f71(0) — C \ {0} smooth. Fix a generator ¢ of mg ¢, and for all d > 1, let

Cqy = normalization of C in the field extension generated by ¢/
g : C4— C, the canonical morphism,
04 € Cy4, the point over O.

We will tkae C’ to be one of these curves Cy. Now by Hironaka’s resolution theorem, we may

blou up X by a sequence of monoidal transformations with non-singular centers all lying over 0 € C
until we find:

g: X' — X Dbirrational and projective

with X’ non singular, (fog)~!(0)req a union of non singular components and E, ..., E, cross-
ing transversely.

The only problem is that if n(i) = Ordg, () so that

(f- g)_l(o) = Z:n(z)EZ as divisor on X’

then the n(i) may be bigger than one, hence (f - ¢)~'(0) may not be reduced. To reduce the
n(), we must replace ¢ by a suitable Cy. It is clear that we may as well renae X’ to be the original

X and assume that our starting point is a non-singular X with f~'(0),.4 good. Now for all d > 1,
let

X4 = normalization of X x¢o Cy
fa : Xgq— Cg4 the projection
Ua F7H(Ca = (0a)).

What does X4 look like? To describe it, choose a point € X over 0 € C'. Suppose x € ﬂ;zl E;,

and z ¢ E; for all j # 41,...,4,.. Then formally at x, the pair of morphism X — ¢,z +— 0 is equiv-
alent to the morphism A" — A! given by 0+ 0.

This is where we use characteristic 0: In fact, if y; € Ox , is a local equation for the divisor
E; , then
J )

t:tu;l(ij), u€ Ok,

In the completion o X, Y1, - - - Yr are part of a system of parameters since the E;;, meet trans-
versely. Moreover, since char k { n(i1), v has an n(i;)™ root v in @}T So we may replace y; by

v -1, and find local equations y; € @X@ of F;, such that t = Hy?(ij), ie.,

Oxo =+ Kllyh,- .. n]]

T
j=1
Therefore, formaly at all points over x:

Xg —— X

| |

Cqg —— C

42



. . o : . dth
satisfies the universal property of the normalization of A” x 51 A with projections A! ““23"" Al

and A" £+ A' (Note that normalization commutes with taking completions.).
Let s = ¢/, Then

A" x 41 A' = |the hypersurface H : s% = Hx;l(ij) in AnT!

Let

€= ng(d7 n(il)a s an(Zr))
Then

H = U &

ethroots of 1

-
e — D/
H: = |hypersurface s le = (. H oy
j=1
H¢ is the image of the morphism
A7 — AL

T (z,s)
z; = (4;)°

s = (7. H;:1 ;")

hence is irreducible, and its coordinate ring is the subring:

T
")/, a L
k xl,...,xn,ij Qk[ml ,...,xn/d]
j=1

Thus if we let
n(i1) n(ir)
g

then H¢ is isomorphic to the affine embedding of the torus 7" with character group M, given
by the semi-group in M generated by

M:Z”+< ,0,...,0>Zg@",

(1,0,...,0)
(0,0,....1)
(n(;l)’ wn(czlr)’ 70>

The cone generated by this semi-group in Mr = R" is just the positive octant (R} )", so we
can normalize as in the beginning of chapter 1:

normalization | o
= SpeC k[ sy Ly ']aGMﬁ(R.;.)”
of HC

Going back, this means that x € X splits into e distinct points ' € X4 and that each of them:

OXd@’ = k[[ .. ,ya, .. 'HaeMﬁ(RJr)"

Under this formal isomorphism:

Z E; given by H y; =0

corresponds to 1_[56Z =0
defining HNT.
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Therefore Uy C X, is a toric variety. Moreover, the components of X, \ Uy are the components
of the inverse image in Xy of the various F; C X. The inverse image of E;; near 2/, with reduced

structure, is given by OXd’m//W, and
oXia] o Kby Jlaemne )
SV on B O e
~ Ky dlaemnz )
o~ eMn(Ry) /(-4-73/07"')aj>0
=~ k[[..,,yOt’,..]]QFO’QGMQ(R”,?,.

This again is an integrally closed domain of toroidal type. Thus the inverse image of each E;
is a disjoint union of normal varieties. This proves:

Lemma 2.3.1. Uy C X is a toroidal variety without self-intersection.

The next question is: how does X4 vary with d ? Let v = lem(n(1),...,n(N)). We are only

interested in d such that v | d. Suppose d = e - v and consider Ox, .+ again at a random point .
Then

n(i;) - m(i;) = v, 1<j<r
and
1 1
M=7" . __.0,...,0)Z.
+ <e -m(iy) e-m(i) )
Let

1
Mo =7" + (
m(
Suppose @ € M N (R4)". Then either:

1. a1,...,a, > 0, in which case

‘T (6'771(2'1)""’e-ni(ir)’o""’())Jrﬂ’ peMNRLY)"

or

2. some oy =0, 1 <I<r. Now

1 1
= . 0,...,0
a=vip <e~m(il)’ Te-m(iy) )

where v is an integral vector. Hence e - m(i;) | p. It follows e | p, and

OéGMoﬂRT_:_

This means that the semi-group @i is generated by MoNR! and the vector (1/e.m(il), ce l/e.m(ir), o,...

In therms of rings, this means that Ox, . is generated by O/X;/ and t /. Therefore the canonical
morphism

Xd — X,, Xc, Cd

induces isomorphisms between the complete local rings of corresponding points, hece it is étale.
But it is also finite and birational, hence it is an isomorphism. This proves:

Lemma 2.3.2. E| Ifv|d, then
Xa i) X, Xc, Cd,

is an isomorphism. Hence the closed fibres fd_l(()d) is independent of d so long as v | d, and
the projection X,, — X4 induces a bijection between the strata of X, \ U, and the strata Xq\ Uy.

1
2In fact, one also checks easily that t@ vanishes to order 1 on all compononents of X4 \ Uy, hence fd_l(()d) is
also a reduced scheme. But we don’t actually use this particular fact.
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Next, let Ay be the polyhedral complex associated to Uy C Xg4. I claim that there is a canonical
polyhedral isomorphism

Ay — A,
and in fact a commutative diagram:
R.SUd (Xd) % Ad

RSY (X,) —24 A,

(the first vertical arrow given by composing ¢ : Spec k[[t]] = X4 with the projection p : X4 —
X,). In fact, let Y; C X; and Y, C X, be corresponding strata as in Lemma m Then
p~1(Star(Y,)) = Star(Y;) and we get homomorphisms:

"
Yy $4—— Y,
M*a — M

where p* is the pull-back of Cartier divisors, whereas p, is the norm (i.e., apply norm to local
defining equations). Then p, op* is just multiplication by e. Moreover p, is injective (in fact, since
p is a bijection on fd_l(Od), Ps is injective on Weil divisors concentrated on fd_l(Od)). Thus p* o p,
is multiplication by e as well, and
Yy R Y,
Mg* +— My

is an isomorphism. Clearly p*D is effective if and only if D is effective, so this induces a dual
isomorphism

o¥e =y oY,
These clearly patch up into an isomorphism Ay = A, commuting with Ord.

However, the one thing which changes when you replace A, by Ay is the integral structure.

The integral structures on corresponding polyhedra oYe:" are given by the functions defined by

MY and MY respectively. I claim:
MY = p MY+ 2 (1)
or equivalently:

Lemma 2.3.3. Every Cartier divisor D on Star(Yy), supported by fd_l(Od), is of the form p* Dy +
1
a- (t/d), a€Z.

Proof. In the notation used above, the morphism p : X; — X, corresponds formally, at every
z' € X4, to the morphism of affine torus embeddings:

Speck[...,z%, .. ']aeMnRi — Speck[...,z%,.. ']aeMomJRi

But if we choose 2’ € Yy, then the formal isomorphisms induce isomorphisms

MY = M

MY = M,
which lie in a diagram:

MYe = M

p*] Ul

MY =~ M,
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Also, (t) corresponds in these isomorphisms to ag = (n(i1,...,n(ir),0,...,0)). Since M =
My + ¥/ - Z, this proves the lemma [2.3.3 O

Finally, in all the toric varieties U; C X4, we are given a particular positive Cartier divisor

with support exactly Xy \ Uy, namely (tl/ d). Let (tl/ d) define the function 5 : Ay — R. Note

that via the canonical isomorphism Ay =, Ay, lg="/4ql,. As in the end of section 2.2, we can
therefore define a compact polyhedral complex

A% = {x € Ag | la(x) =1}.
By restriction, we get an integral structure M on AY%. Moreover, by central projection and
the canonical isomorphism Ay = A,, we get a canonical isomorphism
Ay S5 A7
and by Lemma [2:3.3] the integral structures are related by

d
M;==M:+7.
14

In other words, via these isomorphisms

the lattice of (A})., 4

the integral lattice
= 4 of points in A} with

(A%), in A%
e ¢ coordinates in ¥/4Z

Now the Main Theorem of the next Chapter, applied to A%, says that there is an integer e and
a projective subdivision [o,] of A¥ such that:

1. vertices of the subdivision lie in (A;)l/ez,

2. for all o, with the volume element induced from A%,

1
V01(0a> = m, da = dimaa.

It follows that if we interpret this as a subdivision of A}, instead of A}, then:
1. vertices of the subdivision lie in (A},),
2. for all o, of dim = dq, vol(oa) = /.y

Now apply the results of section 2.2: {0} defines a proper birational morphism:

f : X{O'(,} — X€V7 f_l(Uey) = Uey-

Since the subdivison is projective, the morphism is defined by blowing up a suitable sheaf of
ideals. By Theorem t'/ev vanishes to order 1 on all components of X, 3\ Uey, and Xy, 3
is non-singular. It follows from this automatically that the components of X(, 3 \ Ue, are non-
singular and cross transversely (because U, C X, 3 is a toric variety without self-intersection).
Therefore X,y has all the required properties.
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Chapter 3

Tropical Geometry

In this chapter we start by introducing tropical hypersurfaces which are an analogue of algebraic
varieties over the tropical semiring T. Then we prove structure theorems showing that these are
weighted polyhedral complexes that are balanced in a certain sense (see Proposition and

Theorem [3.1.9)).

Later we extend the definition of tropical hypersurface to higher codimension using the process
of tropicalization for a subvariaty of an algebraic torus defined over a valued field. Then after
introduce the necessary machinery we generalize the structure theorems of tropical hypersurfaces
to arbitrary tropical varieties.

For the definitions coming from polyhedral geometry used in this chapter we refer the reader
to the appendix.

3.1 Tropical Hypersurfaces

Tropical geometry is the study of tropical varieties which are geometric objects constructed from
polynomials with coefficient in the tropical semiring:

Definition 3.1.1. The tropical semiring (or semiring of tropical numbers) is the set T = RU {oco}
together with two binary operations @ and ® given by a ® b := min{a,b} and a ®b:=a+b. |/

It is called a semiring because it satisfy all the axioms of a ring except the one that assure the
existence of inverse for the addition.

As with usual commutative rings, we can consider polynomials or more generally Laurent
polynomials over T. These are going to be called tropical polynomials and they will be expressions
of the form

) = @ cwoat

ucznr

where the sum over Z has only finite support, the x; are variables and

;(;llllajz":xu:;ljl@@xl@@xn@@xn
N—— N—

u; times u,, times

Remark 3.1.2. The formal polynomial above induce naturally the tropical function

x = min{ay, + w1 + -+ upx,} = min{ay +u- 2z}
ucz u€ez

but it is not determined by it. For example min{z +y, 2z, 2y} = min{2z, 2y} Va,y € RU{co} but
as polynomials we have
Y@t @yl £ 10 @y

/

Now given a polynomial f, an element w € R™ such that the minimum in f(w) = minyez{au+
u-w} is attained two times is called a zero of f and the set

V(f) = {z is a zero of f} (3.1)
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is called the tropical hypersurface attached to f. Notice that this set only depend on the tropical
function induced by f. We will define tropical varieties in general in the next section after we see
the concept of tropicalization of algebraic varieties.

When f is a tropical polynomial in two variable with at least two monomials, V'(f) is called a
plane tropical curve.

Proposition 3.1.3. A tropical hypersurface induced by a tropical polynomial f in n-variables is
the support of a I yq-rational polyhedral complex of pure dimension n — 1 in R™.

Proof. Denoting by the same letter f the function induced by the tropical polynomial we define
Y s as the coarsest polyhedral complex such that f is linear on each cell in X;. The support of ¥y
is all R™ and the cells of dimension n have the form

ou={weR"™ | f(W) =cy +W-u}
where ¢, moves through the coefficients of f.

We have that V(f) is the support of the (n — 1)-skeleton of ¥y and the proposition follows
directly from this. O

Example 3.1.4. A tropical line is a tropical curve given by a polynomial of the form a©z®bOydHe.
Tt consist in 3 rays with slopes 1, 0 and oo coming from the point (¢c—a, c—b) as Figure 3.1 shows.

(c—a,c—b)

Figure 3.1: A tropical line

Next we will pass to understand this polyhedral complex in terms of a dual construction. To
make this precise we need to introduce a new concept.

Given any multivariate Laurent polynomial (not necessary over the tropical semiring)

f= Z Cu™

uczn
we can attached a simple geometric object in R™ to it called its Newton polytope given by

Newt(f) = conv{u e 2" | ¢, #0} CR"

Of course, as the additive identity of the tropical semiring is oo the Newton polytope of a
tropical polynomial is given by the convex hull of all u such that ¢, # co.

As a starting point let us notice that when f is a tropical polynomial its Newton polytope
depend only on the function induced by f and it can be computed by a simple formula from it.

Theorem 3.1.5. For a tropical polynomial f = @, cyn cu © % we have

Newt(f)={veR" |JaeR st f(rw)<a+v-rw YweR" andr> 0}
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Proof. Let us called A the set in the right. Is not difficult to see that A is convex. Also as for
every ¢y # oo we have f(w) = miny{cy +u-w} <cy+u-w Vw we get ue A. So we conclude
Newt(f) C A.

In the other hand if v € A we have f(rw) < a + v - rw for large r and so dividing by r and
taking limits we get

1 1
i w) = lim - < lim - rw)=v-
uSirtncllrll;éoo{u w} 7qgrolorf(rw) < lim 7q(oa—&—v TW) =V W

And from this we get that v is in the Newton polytope. In fact, if this is not true then by
the hyperplane separation theorem we can separate v from the Newton polytope with a linear
functional and hence there is some w € R™ such that w-v < a < w-u Yu with ¢, # oo and some
constant a € R. O

Next we have to notice that there is a natural subdivision of the Newton polytope induced
by the polynomial f, this is the regular subdivision A of Newt(f) given by the weight vector
(cu | u € Newt(f) NZ). The construction is given in Definition in the appendix.

Using this regular subdivision we can state the duality result in which we are interested.

Theorem 3.1.6. The polyhedral complex defining V (f) with f a tropical polynomial in n variables
18 dual to the polyhedral complex given by the reqular decomposition A of the Newton polytope of

f

Proof. Let P = conv{(u,r) € R""! | & > ¢y, cy # 0}. The regular subdivision of Newt(f) induced
by the weights val(cy) consist of the polytopes m(F) as F varies over all bounded faces of P and
7 : R — R™ is the projection into the first n coordinates.

The bounded faces of P are of the form
F =facey(P) = {(v,c) € P | (v,c) -y < (w,d) -y for all (w,d) € P}

for some y € R™*! with last coordinate positive, without lost of generality we can take this last
coordinate to be 1. Then y = (z,1) with z € R™ and replacing we get that the polytope in the
regular decomposition is

7(F) = {v € Newt(f) | 3¢ with (v,c) e Pand v-z+c¢ < w-z+d for all (w,d) € P}
=conv{u €Z" | cy Z0and u-z + ¢y < W -2z + ¢y for all ¢y, # 0}
=conv{ueZ" |u-z+cy = f(2)}

If we let I(F) = m(F) N Z™ then the polytope 7(F') of the regular decomposition above will
correspond to the set

F(o) ={z € R" | face(,,1)(P) = F'}
={z e R" | f(z) =u-z+c, for at least all u € I(F)}

Is easy to see that F'(o) is a cell of the polyhedral complex of V(f) and the union of all this
sets is V' (f). So the dual of the regular decomposition is exactly V(f). O

An important case of the theorem above is given when the tropical polynomial f has constant
coefficients, i.e, all its monomials have coefficient 0 (the multiplicative identity of T) attached.

Corollary 3.1.7. Let f = ®ueznx™ be a tropical polynomial with constant coefficients. Then V(f)
is a (n — 1)-dimensional fan in R™ and it is the (n — 1)-skeleton of the normal fan to the Newton

polytope of f.

Proof. When f has constant coefficients the decomposition of the Newton polytope associated by
f is given by the vector (cy)u = 0, and so the decomposition is the trivial one with only one cell
equal to Newt(f).

Hence, cells of the decomposition are equal to faces F' of Newt(f) and by the proof of
above these correspond exactly to the sets F'(0) = {z € R" | face,(P) = F'} so F(0) = Nxewt(r)(F)
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Figure 3.2: A balanced fan of dimension 1.

and then V(f) is the normal fan of Newt(f). O

Next we will prove that the polyhedral complex underlying the tropical hypersurface can be
endowed with some natural weights in the cells of maximal dimension such that it become a bal-
anced polyhedral complex.

To do this first we introduce the concept of balanced polyhedral complex. The basic idea is
given by the case in which the polyhedral complex is a fan ¥ of pure dimension 1. Then it consist
in a collection of rays o coming from the origin. Let v, denote the first lattice point in the ray o
coming out from zero and m(co) the weight corresponding to o, then the fan ¥ is balanced if

Z m(o)ve =0

oeX

We generalize this concept to fans of higher pure dimension. Once we do it we can use the fans
stars;(P) (defined in|A.8) to extend the definition to general polyhedral complexes. We do all this
as follows.

Definition 3.1.8. Let 3 be a fan in R™ of pure dimension d endowed with weights m (o) € N on
all maximal cones o € 3. For a cone 7 € ¥ of dimension d — 1 let L be the linear space generated
by 7. As 7 is rational Ly = L NZ" is a lattice of rank d — 1, we used this to define the lattice

N(r):=12"/Lgy 2 2"}

Now for each o € ¥ containing 7 as a proper face the set (¢ + L)/L is a one dimensional cone
in N(7)g. Let v, the first lattice point in this ray. The fan ¥ will be balanced at 7 if

Z m(o)ve =0 (3.2)

ooT
=2

and it will be balanced if it is balanced at all 7 € ¥ with dimension d — 1.

Now let ¥ be a I'yy-rational polyhedral complex of pure dimension d with weights m(P) € N
on each d-dimensional cell P. The fan stary(Q) inherits a weighting function m. The complex ¥
is balanced if stars(Q) is balanced for all Q € 3 of dimension d — 1. /

With this definition we are ready to prove the balancing condition for tropical hypersurfaces,
this is the fact that the polyhedral complex of a tropical hypersurface is balanced with some nat-
ural weights.

This weights are defined using Theorem [3.1.6] As the polyhedral complex ¥ of a tropical hyper-
surfaces is dual to the regular subdivisions A of its Newton polytope, every facet o of ¥ correspond
to an edge e(o) in A. We define the multiplicity m(o) of this facet as the lattice length of the edge
e(o), i.e, the number of lattice points in the edge minus one.

With this weights we proceed to prove the balancing condition for hypersurfaces.

Theorem 3.1.9. Any tropical polynomial f in n variables define a tropical hypersuface V(f) that
is the support of a (n—1)-dimensional polyhedral complex balanced with respect to the weights m(o)
defined above.

Proof. When n =1 the set V(f) is finite and the statement becomes trivial.
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For n = 2 we have that V(f) is a polyhedral complex of pure dimension 1 and we need to
prove that stary (s (7) is balanced for all its vertices 7. The cell 7 is dual to a convex polygon @
in the regular subdivision of the Newton polytope A. Each vector v, in is a primitive lattice
vector perpendicular to an edge of @ and the vector m(o)v, is precisely an edge of @ rotated by
90 degrees. Then ZO’QT m(o)v, = 0 because the sum of the edges vectors of any polygon is 0.

For n > 3 we can proceed in a similar way to n = 2. We need to prove that for any cell 7
of codimension 1 the fan stary f)(7) is balanced. Noticed that the only cone of codimension 1 in
stary (s (7) is 7 so we only need to prove that it is 7-balanced. For this we need to pass from the
vector space R™ to the vector space N(7)g of dim 2 by working modulo L. In terms of the dual
space this means to pass to the plane containing the polygon @ dual to 7 in A. As L is orthogonal
to @ we get that the fan given by the cones (L + 0)/L in N(7)g is the normal fan to the polygon
Q. So in the same way as for n = 2 we can conclude because the sum of the edges vectors of a
polygon is 0. O

3.2 Valued Fields and Grobner Basis

In this section we introduce some commutative algebra that will be useful in the sections to follow.
We start with a brief reminder valuations over fields and then we developed a version of Grébner
basis specially designed for polynomial rings over such fields.

3.2.1 Valued Fields

Definition 3.2.1. A rank one valuation or simply a valuation over a field K is a function
val: K — R U {oo} satisfying the following properties:

e val(a) =00 <= a=0
e val(ab) = val(a) + val(b)
e val(a + b) > min{val(a), val(b)}

In this context we said that K is a wvalued field. We introduce the wvaluation group given by
Iyl := val(K™), it is an abelian totally ordered group. The valuation ring given by

R ={a € R|val(a) > 0}
that is a local ring with maximal ideal
my = {ce K |val >0}
and we also consider the residue field given by k = R/mg. /

Example of valued fields are any field k with the trivial valuation given by val(a) =1 Va € K*,
the field Q, of p-adic numbers together with its p-adic valuation and the function field k(C') of an
algebraic curve C with the valuation given by computing the order of poles at a fixed point p. But
along this document the most important valued field will be the next one.

Example 3.2.2 (Field of Puiseux series). For any field k& we defined the field k{{¢}} of Puiseux
series as the set of all the formal power series

c(t) = 1t + ot + ot + . ..

where each ¢; € k and a1 < a2 < az < ... are rational with a common denominator. In other
words
k{1 = [ k(™)
n>1

where k((t'/™)) is the field of Laurent series over ¢'/™.
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This field has a natural valuation defined by
val: k{{t}}* = R

Z cpt® = ay

n>1

/

One reason why this field is important is because of the following result whose proof can be
seen in [Rib99] p. 186.

Theorem 3.2.3. When k is algebraically closed of characteristic 0 the field k{{t}} is the algebraic
closure of the field k((t)) of Laurent series and in particular is algebraically closed.

The valuation defined over the field K{{t}} has a canonical split given by the map

¥ Tval = Q = k{{t}}"

a—t*

this means that 1) satisfy val(¢)(a)) = a. In general such a split ¢ exists for any algebraically closed
field as we prove now.

Proposition 3.2.4. For any algebraically closed field K with a valuation val there is group homo-
morphism 1: I'yar — R such that valo ¢ = idp

val

Proof. As K is algebraically closed both the multiplicative group (K*,-) and the valuation group
(T'va1, +) are divisible:

e From (T'y,,+) being divisible, as it is also torsion free, we get that it should be a Q vector
space and hence it has a basis {w; }iecr

e From (K*,-) being divisible we get that for any a € K* there is a group homomorphism
¥q: Q = K* such that ¢,(1) = a.

Now for each w; € Ty, we can construct a homomorphism ;: w;Q — K* such that if val(a) = w;
then 9;(w;) = a and hence 9 = @;9;: I'ya) — K* is the desired splitting homomorphism. O

By an abuse of notation we are going to denote this map by a — t® as in the case of Puiseux
series.

3.2.2 Grobner Basis for Valued Fields

In what follows we will introduce a theory of Grobner basis specially designed for homogeneous
ideals in a polynomial ring with coefficients in a valued field. For technical reasons we will assume
that the valuation splits. Because of Proposition above we know that this is true whenever
K is algebraically closed, it is also true when K has the trivial valuation.

We start in the same way as for usual Grobner basis defining the ideal of initial terms. For this
we need to define the initial term of a single polynomial, this depend on a weight vector w € R**!

who takes the roll of the monomial order in the usual Grobner basis.

For a polynomial f € K[xo,...,x,] we can construct its tropicalization as the real function
R™*! — R given by

Trop(f)(w) = min{val(c,) + w-u | u € N"*! and ¢, # 0}

Taking W = Trop(f)(w) the initial form of f with respect to w is the polynomial in k[zg, . . . , ;)
defined as
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inw(f) — Z Cutfval(cu)mu

ueN"! st val(cy)+w-u=W

Notice that f and iny(f) are in different polynomial rings and that the monomials appearing
in iny (f) are a certain subset of the monomials in f. We can expressed iny (f) also as follows.

in(f) =t Y cutWuam

ueN»+1

= t—TrOP(f)(W)f(tWoag07 AL

Now for a homogeneous ideal I C K|z, ...,z,| we set its initial ideal as

ing(I) = (inw(f) | f €I) Cklzo,...,zx]
A finite set G = {¢1,...,9n} C I will be called Grébner basis for I with respect to w if
ing(I) = (inw(g1), - - ., inw(gn))
Remark 3.2.5.

1. Even though we don’t put in the definition that the Grébner basis generate the ideal I this
is always true as shown in [Chal3]. But if we apply the same definition of Grébner basis to
ideals that are not homogeneous then this is no longer true.

2. The usual Grobner basis with respect to the monomial weight order determined by —w
correspond to the particular case of a field with trivial valuation of the Grébner basis treated
here with respect to w.

/
The first result is that Grobner basis do exist and we can take it homogeneous.

Proposition 3.2.6. Let I C K[xg,...,x,] be a homogeneous ideal. Then there is a Grébner basis
of I consisting of homogeneous polynomials, in particular the initial ideal iny (I) is homogeneous.
Also given g € iny (I) there is f € I such that g = inw(f).

Proof. Noticed that if f =" ., fi with each f; homogeneous we have iny (f) = > inw(f;) where
the sum goes through the f; such that Trop(f)(w) = Trop(f;)(w) and hence we have

inw(I) = (inw (f) | f € I with f homogeneous)

So taking a finite subset of this generating set, as iny (f) is homogeneous when f is homogeneous,
we get that I has a Grébner basis made of homogeneous ideals.

Now given g € iny(I) we have g = Y ayz™ing (fu) for some f, € I, a,, € k*. Taking a lift ¢,
of ay to K* we can define

f= Zcut*W“:c“fu for Wy = Trop(fu)(w) +w-u

Then by construction Trop(f)(w) = 0 and inw (f) = > auz"ine (fu) = 9. O

Next we iterate this construction by taking initial forms of initial forms. For this as iny(f) is
a polynomial with coefficients in k we need to endowed this field with the trivial valuation.

Lemma 3.2.7. Let f € Klxg,...,x,] and v,w € R™. There for every € > 0 small enough we
have
va(lnw(f)) = inw+sv(f) (33)
Proof. If f =", cuz™ and W = Trop(f)(w) we have
ing(f) = Z CutWu—Wgt
ueN"1 st

val(cy)+w-u=W
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and if W/ = min{v - u | val(cy) + w-u= W} then

iny(inw(f) = Y catVu W (3.4)
ueN"t1 g ¢
vou=Ww'’

Now for small ¢ small enough we have that
Trop(f)(w +ev) = min(val(cy) + w-u+ev-u) =W + W’

and the minimum has equality if an only if val(cy) + w-u =W and ev - u = eW’. Hence we have
iNwieyv = iny(inw (f)) as we wanted. O

The idea now is to extend equation (3.3) from a fixed polynomial f to an entire homogeneous
ideal I. We will do this by steps, the first step being the following lemma.

Recall that a monomial ideal is an ideal that can be generated by monomials and if [ is a
monomial ideal then f =Y cya" €I = 2" € I.

Lemma 3.2.8. Let I be a homogeneous ideal in Klzo,...,z,| and fir w € R*"L. Then there
ezists v € R""L such that for every e > 0 small enough the ideals iny oy (I) and iny(in,(I)) are
monomzial ideals and

iny (inw (1)) € inwev(I) (3.5)

Proof. First notice that from Proposition the ideal iny (I) is homogeneous and so equation

(3.5) makes sense.

Now assuming that there is a v such that iny(iny () is a monomial ideal we will show it
satisfy . For this take generators iny (iny (7)) = (z",...,2"). By Proposition again
there are f; € I such that iny(inw(f;)) = z%. By Lemma we have for e small enough
iny (inw (f;)) = inwev(fi) for all all ¢ at the same time and this imply iny (in (1)) C ingqev({).

Next we will prove that there is such a v with iny(iny (7)) a monomial ideal. For v € R"
consider the ideal M, generated by all the monomials in iny (iny (I)). As the polynomial ring is
Noetherian we can chose v such that M, is not contained in any other M. If iny (iny (7)) is not
a monomial ideal then there is f € I such that no term of iny (iny (f)) is in My. Take v/ € R"*!
such that iny/ (iny (inw (f))) is a monomial, to find such a v’ use equation and consider v’ such
that faceys(Newt(iny (inw(f)))) is only a vertex so v - u is minimized only for one u. By Lemma
for & small enough iny ey (ing(f)) is this monomial. On the other hand each monomial in
M, can be written as z" = iny(inw(g)) for some g and then z% = iny .y (inw(g)) for epsilon
small enough, this implies that M, C M, ;. but because of the monomial constructed above we
actually have M, C Myi.ys. This contradicts our choise of M, and so iny (iny (7)) is a monomial
ideal.

We can now modify our v such that iny . (I) is at the same time also a monomial ideal. To
see this we work in a similar way as before, define M, as the ideal generated by all the monomials
in iny4ew(l) and between all v such that iny (iny (7)) is a monomial ideal take it such that ME
is not contained in any other M¢,. If iny.w(I) is not a monomial ideal we take f € I such that
no term of iny.w(f) is in MZ. Then we take v’ so that face, (Newt(inwiev(f))) is a vertex. In
the same way as above this implies Mg C M¢ ;. Taking € small we have My .y = My so that
iny (inw (1)) is still a monomial ideal. This contradiction show us that inyyew (/) is also a monomial
ideal. O

From now on we will fixed the notation Sx = K|z, ...,z,] and Sk = [zg, ..., Zy].

Given an ideal I C Sk we can measure its size using its Hilbert function. These is the function
N — N given by d — dimg (Sk/I)g. For d > 0 the Hilbert function agrees with a polynomial,
called the Hilbert polynomial of I, that encodes important invariant of the ideal. We will show
next that the Hilbert function of an ideal coincide with the Hilbert function of the initial ideal.
First we do if for monomial initial ideals.

Lemma 3.2.9. Let I C Sk be a homogeneous ideal and take w € R" ™! such that inw(I) is a
monomial ideal. Then the monomials * of degree d that are not in iny(I) form a K-basis for

(Sk/1)a-
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Proof. Consider the set By of all monomials z* not contained in iny, (7). The image of this set
in (Sk/I)q is linearly independent over K. To see this noticed that a linear combination gives
a polynomial f = > cya™ € Iz with no term belonging to iny(l). But from f € I we get
ing(f) € inw(I) and as this ideal is a monomial ideal we get a" € iny(I) for some u. This
contradiction shows that dimg (Sk/I)q is bigger that the amount of monomials not contained in
iny (I)g and hence dimy iny (I)g > dimg ;.

Now for each monomial 2" € iny(I)g, choose fy € Ij with ing(fy) = 2. The set {fy |
" € ing(I)g} is linearly independent in Sg. Indeed, if not there are a, € K not all zero with
Y outufu=0. Let fy =a" 4+ > cuva¥ and looking at the coefficient u’ in the linear combination
above we get ay + Zu?éu, auCuw = 0. Suppose u’ is taken such that val(a,) + W - u is minimal.
Then, looking at the valuation in the left-hand side of this equation, as the minimum should be
attained two times in particular there is @ different from u’ such that val(ag)+val(cau) < val(ay).
And from here

val(ag) + val(cau ) + w -1’ <val(ay) +w-u’ <val(ag) + w-u

Which contradicts the fact that iny (fag) = 2% (we no longer have that Trop(fg)(w) attains the
minimum at ).

This shows dimg I; > dimg iny (/). Hence the dimension of this ideals are equal and then
dimg (Sk /1)q = dimg(Sk/inw (I))a
With B, a K basis for (Sk/I)q. O
Now we drop the hypothesis of in,, (I) being monomial and get the last equality of dimensions
anyway.
Proposition 3.2.10. For any w € R"*! and any homogeneous ideal I in Sg, the Hilbert function
of I agrees with that of its initial ideal iny (I) C Sk, i.e,
dimg (Sk /T)q = dimi(Sk/inw(I))a
for all d > 0. In particular the Krull dimension of the rings Sk /I and Sg/inw(I) coincide.

Proof. By Lemma we can take v such that for small € > 0 we have iny (inw (1)) C inytev (1)
and both are monomial ideals and then by Lemma [3:2.9] the set of monomials that are not in
inwtev(I)q span (Sk/I)q. Hence given z* € ingqeov(f)q \ iny(inw (I))q there are polynomials fy,
and f} with f, = 2" — f/, € I; and no monomial of f}, is in iny ey (1)g. But then iny(fy) contains
only monomials not in iny(iny (7)) which contradicts iny (inw(f)) € iny(inw(7)). This implies
inwtev(l)g = iny (inw (I)). Now Lemma applied to this monomial ideals give us

dimk(Sk/inw(I))d = dimk(S]k/inv(inw(I)))d and dlmK(SK/I)d = dimk(Sk/ianrev(I))d

From which we get
dimk(Sk/inw(I))d = dlmK(SK/I)d

As we wanted. O
With this we can deduce the result about iterated initial ideals we were looking for.

Corollary 3.2.11. Let I be a homogeneous ideal in K|xo,...,z,]. For any w,v € R"" if we
take € > 0 small enough we have

i1y (i1 (1)) = i e (1)

Proof. Take a basis g1,...,9gs € iny(inw(/)) and write each g; as iny (inw(fi)). By Lemma [3.2.7]
above for e small enough we have g; = iny (inw(f;)) = inwev(fi) and so iny (ing (1)) C ingtev ()
but by the proposition above, both iny (iny (7)) and inyyey(I) have the same Hilbert function so
the inclusion is not strict. O
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3.2.3 Grobner Complexes

Now we will construct a polyhedral complex for each homogeneous ideal I C K|zo,...,z,]. The
polyhedra in our complex will be given by the topological closure of the sets

Crlw] = {v e R"™! 1 iny(I) = iny (1)}

we denote by C7[w] this closure and by 1 the vector (1,...,1) € R*+1.

Proposition 3.2.12. The set Cr[w] is a T'yq-rational polyhedron whose lineality space contains
the line R1. If iny (I) is not a monomial ideal, then there exists w' € T™ 1 such that iny: (I) is a

val

monomial ideal and Cr[w] is a proper face of the polyhedron Crlw’].

Proof. Given w we will start finding w’ € T™%" such that iny(7) is a monomial ideal and

Cr[w] C Cy[w']. For this use Lemma to find a v such that for small epsilon ing. .y (I) is a
monomial ideal and choose w' = w + ev. As ¢ can be arbitrarily small we have w € Cr[w’] and
then Cr{w] C Cr[w’] so we can conclude.

Next we prove that C7[w’] is a polyhedral complex. We will do this by choosing an adequate
Grébner basis on I as follows: Take a monomial basis inty (1) = (z*1,...,2"), by Lemma[3.2.9|for
each i the monomial of degree d = deg(u;) not contained in {uy,...,us} form a basis of (Sk/I)q4.
Writing =" in this basis we find a polynomial g, such that g; := 2% — ¢} € I. By construction

ing,(g;) = " and hence {g1,...,9gs} is a Grobner basis. Now C7[w’] has a I'yy-rational polyhedral
structure shown by the equality

Ciw]={zecR" |u; -z <val(cyy) +v-z for 1 <i<s, veN)}
where ¢;y is the coefficient of the monomial zV in g; — x". Let us prove this equality.

Suppose W € Cr[w’] but one of the inequalities u; -z < val(c;v) + v - 2 is not valid when z = w.
For that ¢ we have ing(g;) # =" but then ing(g;) contains other monomials of g; which is not
possible because ing(g;) € ing(I) = iny (I) and by construction the other monomials of g; are not
in iny(I). This proves that C;[w’'] is contained in the right-hand side.

For the other inclusion, it is enough to prove that if u; - w < val(c;y) + v - w for all 4, then
w € Cr[w’], as such set of W is dense in the right-hand side. Notice that u; - w < val(¢;y) + v - W
is equivalent to ing(g;) = " and so this for all ¢ implies ing (1) C iny(I) and as this two ideals
have the same Hilbert function we conclude ing (I) = iny () from which w € Cy[w’]. This proves
the equality.

Now we show that Cr[w] is actually a face of the polyhedron C;[w], in particular it is a I'ya-
rational polyhedron. To see this note that ing(I) = iny (1) implies ing(g;) = inw(g;) because if
this is not the case, as z"¢ is the only monomial of ing(g;) and of iny(g;) that is contained in
iny (), then ing(g;) — inw(g;) € inw () would be a polynomial without monomials in iny-(I)
which contradicts that iny (iny (I)) = iny(I). Also as the set {inw(g1),...,inw(gs)} is a Grébner
basis for iny (1) with respect to v we have

w € Or[w] <= ing(]) = inw (1)
<= ing(g;) =inw(g;) V1<i<s

So Cr[w] is exactly the set of points z in the polyhedron C;[w’] that satisfy u; -z = val(¢;y) +v -2
whenever v appears in iny(g;).

Finally, note that for a homogeneous polynomial f we have ing(f) = inw4a1(f) from which
ing(I) = inw4a1(f) and then v € Cr[w] = v + A1 € C[w] so the lineality space of C;[w]
contains R1. O

Since the line R1 is always contained in Cj[w] we can regard this polyhedron as a polyhedron
in the quotient space R™*!/R1. The idea is to prove that all this polyhedra form a polyhedral
complex in R"*!/R1 as w varies. In order to prove this we will need some lemmas.

Lemma 3.2.13. Let I be a homogeneous ideal in Klxg,...,z,]. There are only finitely many
distinct monomial initial ideals iny (I) as w varies over R"+1,
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Proof. By [Mac01] any antichain of monomial ideals on K[z, ..., ;] is finite. Hence if the state-
ment is not true there are w, w’ € R"*1 such that iny () C inty (1) which is not possible because
by Proposition inw(I) and intyw-(I) have the same Hilbert function so the inclusion above
should be an equality. O

Lemma 3.2.14. Let r < s integers, A an r X s matriz of rank r with entries in K and fix
w € R®. There exists U € GL(r,K) and an index set J = {l1,...,l,} C {1,...,s} such that
the r x r submatriz of UA with columns in J, denoted by (UA)”, is the identity matriz and
val((UA)i;) + wj = wy, forj & J.

Proof. As A has rank r there are J such that val(det(A”7)) + > jes Wj is finite and we fix J such

that this number is minimal. In particular det(A”) # 0 so we take U := A7 and then the matrix
U A has the identity matrix in the columns of J. Next to see the inequality with the valuations
noticed that if J;; = J\ {l;}U{j} the matrix UA”# is an identity matrix with the column i changed
by the column j of UA and so det(UA”i7) = (UA);;, hence

val(U A);; =val(det(U A7)
=val(det(U)) + val(det(A7))

= — val(det(A”)) + (val(det(A77)) + Z w;j) — Z Wi

j€Jij j€Ji4
< — val(det(A”)) + (val(det(A7)) + Y " w;) = Y w;
= jE€Jij
=W, — Wj
O
Now fix a homogeneous ideal I C S = KJxg,...,2,]. Let d € N and choose a K-basis

{f1,--., fr} of I, its homogeneous part of degree d. Let M, be the set of monomials of degree d
in S and consider A4 the (r x |Mg|)-matrix whose entry (Aq);.., is the coefficients in the monomial
u of the polynomial f;. Each J C My with |J| = r specifies an r x r minor det(A;)) and the vector
with entries all this minors is the vector of pliicker coordintates of the point I in the Grassmanian
G(r,S4). In particular is independent of the basis f; we chose.

By Lemma [3.2.13| above there exist D € N such that any initial monomial ideal in, (I) of I has
generators of degree at most D. We define the polynomials

d
gaq = Z det(A;) H z% and g := H Jd
d=1

JC My ueJ
=

With this notations we have
Lemma 3.2.15. Let I C Klzg,...,x,) and gq, g as above. Also let Xrprop(g) be the coarsest

polyhedral complex in which Trop(g) is linear. Them if w € R"L lies in the interior of a mazimal
cell o in Eprop(g) we have Crlw] = o.

Proof. We have to prove that w’ € R"*! lies in the interior of the maximal cell ¢ if and only if
iny/ (I) = inyw (). For proving this we will use that if we denote by Xryop(g4) also the coarsest
polyhedral complex in which Trop(gy) is linear then Trop(g) is the common refinement of the
Trop(gq). So if o4 is the maximal cell in Trop(gq) containing o it’s enough to prove that for all
w € R*"! and for all d < D.

w € int(ad) — inw/(I)d = inw(l)d (36)

Let us prove the equivalence . Take w' € in(o4). As w and w' lye in the maximal
same cell of o4 the minimum of Trop(gg) is achieved in only one term and this term is the same
for w and w’. This term of Tropg, is indexed for some J C M,y. Now apply Lemma
to the matrix A4 and the vector w € Rl such that W, = w-u. We get an (r x |[Mg])-
matrix B with B” the identity and val(Buy) + w-v > w - u for 2 € J,2¥v ¢ J. The inequal-
ity is strict because the minimum is achieved only once. The rows of B represent polynomials

57



fu ="+ szgJ ByvzY indexed by z" € J. Then the inequality translate in intw(fu) = z" so
2" € ing(fu) = 2% As dimg (I)g = dimy(ing (1)) we get (inw(I))a = (J). Analogously we have
(inw/ (I))g = (=™ | 2% € J) so we conclude (ing(I))q = (inw (1))q-

Md)

Now for the reverse implication suppose w’ ¢ int(oq). This means that there is J' € (]

diferent from J such that Trop(gg) is minimized in the term of g4 indexed by J’. That is

val(AJ) Zw cu < val(4]") Z w.u Ve <M)

zueJ aueJr
We can take take J’ such that it index a vertex of the polytope
conv( Z u | val(Aj”) + Z w’ - u) is minimal
zueJ” zue g’

Hence there is v e R™™ with v/ Y .. u<v-Y .., uforal J’ e (Mfdl) \ {J'} and then
Ve > 0 we have

val(A] )+ Y (W tev) u<val(4] )+ > (W +ev) u
xueJ’ zugcJr

So Trop(gq)(w’ + ev) attains its minimum uniquely. Then by the result we get at the end of the
"only if" part we get inwsyeov(l)g = span{z" | 2 € J'} but as inwyev(l) = iny(inw (1)) we get
that iny- (I)g cannot be the span of the monomials in J and so iny (I)g # inw (I)q as we wanted. [

Now we are ready to prove that Cr[w] fit together in a polyhedral complex.

Theorem 3.2.16. The polyhedra Cilw| as w varies over R"™ form a T,q-rational polyhedral
complex in R 1,

Proof. By Lemma all top dimensional cells of the polyhedral complex Y1y, (g) are of the
form Cr[w] for some w with iny, (/) a monomial ideal. In the other hand if w is such that iny, (I) is
a monomial ideal then ing(I) = iny(ing (1)) = inw4ev(I) for any v and small &, so Cr[w] is open
and then Cr[w] is a maximal cell. For this reason the set {C;[w] | inw(I) is a monomial ideal} is
exactly the set of maximal cells of Xrvop(g). If iny () is not a monomial ideal then by Lemma
Cr[w] is a face of some Cr[w’] with iny () a monomial ideal and so the polyhedral complex
is exactly Ymyop(g)- O

The polyhedral complex in this theorem is denoted by X(I) and is called the Grobner complex
of the homogeneous ideal I.

3.2.4 Grobner Basis for Laurent Ideals

Finally let us say that the deﬁnltions of initial form and initial ideal can be extended to the ring
of Laurent polynomials K [xl sz by usmg the same definitions as for the usual ring of
polynomials K[z, ...,z,]. That is, given f € K[m1 s, "] and w € R™ we define

) n

inw(f) = Z Cut—vallen) . g% eklzf!, ... 2t

u such that
val(cy)+w-u=Ww

and for an ideal I C K[z, ..., z2"] we define ing (I) = {inw (f) | f € I} Ck[z', ..., zE!).

rrn

+

Now given a Laurent ideal I C K[xf, ...,y | we define its homogenization as the ideal Ipo; C

Kz, ...,x,] generated by all the polynomials

r z Ty

as f varies over I and where m is the smallest integer that clear all denominators.

We can compute the initial ideal of a Laurent ideal through the initial ideal of its homogeniza-
tion.
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Proposition 3.2.17. Let I C K[z, ... '] be an ideal and fix w € R™. Then ing(I) is

) n
generated by the image of in w)(Iproj) in k[T, ...,z obtained by setting xo = 1. Also every

rn
element f € inw (I) has the form f = xgly,=1 for some g € inw w)(Iproj)-
Proof. For f =3 " € INK[zy,...,z,] its homogenization is f= Zcux“xé“ where j, =
(maxc, 20 [v]) — [u|. Then as

W = Trop(f)(w) = min(val(cy) + w - u) = min(val(cy) + (0, w) « (ju,0)) = Trop(f)(0, w)

We get in(07w)(f) =D val(ca) twu—W cat—val(ea) gzl and therefore in(07w)(f)|m:1 = ingw(f).

After multiplying for monomials if necessary we can choose fi,..., fs € K[zy,...,2,] NI such
that iny (1) = (inw(f1),...,inw(fs)). Then inw (1) € ingow)(Iproj)lze=1 a8 inw (fi)lzo=1 = inw(fi)-
In the other sense taking a homogeneous basis (g1,...,9r) = Iproj € Klzo,...,2s] we can

write each g; as g;%’i f; for some j where f; is the homogenization of fi(z) = g(1,2). Then
inw (fi) = ngo,w) (fi)lzo=1 = n0,w)(Ji) lzo=1 50 IN(0,w)(Iproj)|zo=1 C inw(I).
Finally if f € iny () by Proposition we have f = iny for h € I, then taking u € Z" with

z'h € ing (I) N K[z1,...,2,] we have in(g ) (z%h) = iny (2"h) = 2" f so taking g = in( ) (h) we
conclude. O

3.3 Tropicalization of Algebraic Varieties

The connection of tropical geometry with algebraic geometry is given by the process of tropical-
ization of a variety defined over a field with a valuation. Here we introduce this process and use it
to define general tropical variety. Then we prove that these tropical varieties are the support of a
pure I'ya-rational polyhedral complex.

We will denote by T} the torus G along this sections and the next one.

Definition 3.3.1. Let K be a field with a valuation and not necessarily algebraically closed.

1. Given a Laurent polynomial f = 3, ;. cu2®™ € K[27,... 2}

,xzr!'] its tropicalization is the
tropical polynomial given by

Trop(f) = @ val(cy) @ 2"

uezn"

or in terms of functions
Trop(f)(w) = min{val(cy) + w-u | u € Z" and ¢y # 0}

2. A closed subvariaty X C T2 is detemined by an ideal I C K[zi',..., 2. We define its
tropicalization as the set

Trop(X) = m V(Trop(f))
fer

where we are using equation (3.1]) to interpret V(Trop(f)).

3. A tropical variety in R™ will be any subset of the form Trop(X) for some subvariety X of a
torus 7.

/

Remark 3.3.2.

e In order to compute () ;c; V(Trop(f)) is not enough to consider only generators of the ideal I
because intersections does not commute with tropicalization. For that reasons an intersection
of finitely many tropical hypersurfaces is not necessarily a tropical variety. A set of generators
T={f1,--., [~} C I such that

Trop(V (1)) = ﬂ V(Trop(f))

feT

is called a tropical basis of I. Every ideal has a tropical basis (see [MS15| Theorem 2.6.6).
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e As any tropical polynomial can be written as the tropicalization of a usual polynomial over
a valued field, and as Trop(V(f)) = V(Trop(f)) we see that any tropical hypersurface
as defined in section 3.1 is a tropical variety as defined here. Also we have Newt(f) =
Newt(Trop(f)).

/

There are different ways of computing the tropicalization of an algebraic variety. These are
summarized in the next result that can be found in [MS15| Theorem 3.2.3.

Theorem 3.3.3 (Fundamental Theorem of Tropical Algebraic Geometry). Let K algebraically
closed field with a nontrivial valuation and let X be a subvariety of the algebraic torus Tj. Then
the following three subsets of R™ coincide:

« Trop(X)

. the set of vectors w € R™ with iny (I) # (1) where X = V(I) for some ideal I C K[zi!, ... zF?

n

« the closure of the set of coordinatewise valuations of points in X
val(X) = {(val(yr), . .., val(yn)) [ (y1,- .- yn) € X}

Furthemore, if X is irreducible and w is any point in I, then the set {y € X | val(y) = w} is
Zariski dense in the classical variety X

Remark 3.3.4. Given any field extension K’ | K and an ideal I C K|[x1,...,x,], one can always
take a tropical basis of IK'[z1,...,x,] composed of only polynomials defined over K (see [MS15]
Lemma 2.6.5). Hence, passing to a field extension does not change the tropical variety associated.
Then if K is not algebraically closed we may pass to its algebraic closure K with an extension of
its valuation or if the valuation is trivial we can pass to the field of Puiseux series K{{t}}. /

The objective of this chapter is to prove the following structure theorem.

Theorem 3.3.5 (Structure Theorem for Tropical Varieties). Let X be an irreducible d-dimensional
subvariety of the torus Tj. Then Trop(X) is the support of a weighted T ,q-rational polyhedral
complex of pure dimension d satisfying the balancing condition.

We will devote the rest of this section to prove the first part of this theorem. Theorem [3.3.6]
below deal with the fact that Trop(X) is the support of a rational polyhedral complex and Theo-
rem [3.3.14) below show that this polyhedral complex is of pure dimension.

Theorem 3.3.6. For any subvariety of the torus X the set Trop(X) is the support of a T yq-rational
polyhedral complex.

Proof. Let X = V(I) with I C K[zf',...,2¥]. By Theorem [3.3.3 the underlying set of Trop(X)
is equal to {w € R" | inw(I) # (1)}. By Proposition we have ing(I) = (1) if and only if
1 € in(g,w)(Iproj)|zo=1 and this happens if and only if there is a polynomial in x( times a monomial
in 1,...,, inside int(w, 0)(Iproj) but as int(w,o)(/proj) is homogeneous this is the happens if and
only if it contains a monomial.

Hence Trop(X) is the set of w for which iny ) (Zproj) does not contain a monomial. This is a
union of cells in the Grébner complex X([pr05) constructed in Also the set of w for which
in(w,0)(Iproj) contains a monomial is open because by Lemma if iny, (I) contains a monomial,
also iny (iny (7)) = ing4ev(I) contains a monomial for small e. Hence Trop(X) is closed and then
is a subcomplex of the Grobner complex X(Iproj)- O

Remark 3.3.7. Given a subvariety X C T with ideal I C K[;EI—LI, ...,z there are more than
one possible polyhedral complexes ¥ such that Trop(X) = |X|. The proof of the proposition above
tell us that there is always one such that for every o € ¥ we have that iny, (I) is constant for all

w € int(o) and between all these the construction above give us the coarsest one. /

As an application of the things developed here we can understand the tropical variety defined
by the initial ideals in (I) in terms of the tropical variety defined by I.

60



Proposition 3.3.8. Let I be an ideal in K[xlil, .., and let ¥ be a polyhedral complex with
support Trop(V (I)). Then for any o € ¥ we have

stars, (o) = Trop(V (inw (I)))
where W is in the relative interior of o. In particular stars(c) is a tropical variety.
Proof.
Trop(V (inw (1)) ={v € R" | iny (inw (1)) # (1)}
={v € R" | inwev(I) # (1) for small e}

={veR" |w+eveX for small €}

= stary (o)

Where we use Theorem [3.3.3]in the first equality, Corollary [3:2.11] in the second equality, then
Theorem again and finally the definition of the star of a polyhedral complex. O

3.3.1 Monomial maps and change of coordinates

Now we will prove that this polyhedral complexes have pure dimension. For this we will need some
change of coordinates on the variety defined by I in order to simplify the problems. The natural
change of coordinates for a variety inside a torus are given by monomial maps.

A monomial map is an algebraic homomorphism between two tori. From Proposition we
have

Homaig. groups(Tx, Tx) = @ Hom(Go, ik, G k) = @ Z = Mat(m x n,Z)
i,j=1 ,5=1

In concrete terms the map attached to a matrix («; ;);; € Mat(m x n,Z) is given by

a1 a2 o QAm,1,_ Om,2 Q.
(X1yeeoyapn) = (@] Tag 2ty ™ )

One also have a notion of tropicalization for monomial maps: Given the monomial map ¢ :

T3 — T3 it induced a map between the coordinate rings ¢* : K[z, ... 25 — K[zi', ..., zF]

rYm rrn
and this map correspond to a group homomorphism ¢’ : Z™ — Z".
We define the tropicalization of ¢ as the map

Trop(p) i= ¢’ @z R : R™ — R"

If p*(z;) = 2% then Trop(yp) is represented by AT where A is the matrix with ith column
equals a;.

With this concept we can state the following results.
Proposition 3.3.9.

1. Let ¢ : TR — T3 be a monomial map. Let I C K[xfd, —ooyxE] be an ideal and let I' =
©*"Y(I). Then for all w € R™

4/7* (inTrop(go)(w) (I/)) - ZnW(I)

In particular if iny(I) # (1) we also have Moy w)(I') # (1) and if ¢ is a monomial
automorphism

inw(I) # (1) <= Nrep(e)w) (L) # (1)

2. Let ¢ : Tfp — T be a monomial map. Consider any subvariety X of Ty and the zariski

closure p(X) of its image in Tj¢. Then

Trop((X)) = Trop(p)(Trop(X))

Proof.
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1. Let us denote the coordinates in T™ by x; and in T™ by z,, and suppose ¢*(x;) = z* where
a; € Z". Then ¢*(2%) = 24" where A is the matrix with ith column equals a;. Now if
f=>cur™ we have p*(f) = coz™ € I so

W = Trop()(A”w) = min(val(cy) +w - Au) = Trop(¢"(f))(w)

and then

SO* (inTrop(cp)(W) (f)) = 50* Z tival(Cu)cu -z
val(cy)+w-Au=W

= E t—Val(Cu)cu . g;Au
val(cy)+w-Au=W

= inw(p*(f))

and from this ©* (inmrop(e)w) (I')) € inw (/) as we wanted. The following part of the lemma
follows easily from this.

2. Let I be the ideal of X and I’ := (¢*)71(I) the ideal of p(X). By part 1 above if we
have iny, (I) # (1) then we have inmop(p)w)(I’) # (1) and this shows Trop(¢)(Trop(X)) C
Trop((X))-

For the converse by Theorem we have that Trop(¢(X)) = cl({val(z) | z € ¢(X)}) where
cl(-) denotes the topological closure. Since Trop(¢)(Trop(X)) is already closed we just have
to prove that

™, A Trop(p(X)) C Trop(y)(Trop(X))

val

so let w in the left-hand side of this. By Theorem m the set of z € p(X) for which
val(z) = w is Zariski dense in p(X) so there is y in X such that if p(y) = z then val(z) = w.

As val(p)(y) = Trop()(val(y)) we get w € Trop()(Trop(X)).

O

We can construct some interesting monomial maps using the following result from linear algebra.

Lemma 3.3.10. If L is a rank k subgroup of Z™ such that Z™/L is torsion-free, then there is a
matrizr U € GL(n,Z) with U(L) = (e, ..., er). In particular for any primitive vector v € Z" there
is a matriz U € GL(n,Z) such that Uv = e;.

Proof. As L = (v) has torsion-free quotient Z" /L exactly when v is primitive we see the last part
follows from the first.

Now given L consider the k£ x n matrix A with column vectors given by an integral basis of L.
The Smith normal of A is a matrix A’ with its first k x k block diagonal and such that A’ = SAT
for some S € GL(n,Z),T € GL(k,Z). As Z/L is torsion free we have that the first block of A’ is
actually the identity and so the rows of A’ span the vector subspace (eq,...,e;). Then the rows
of AT also span this vector subspace and so we can take U = T7. O

3.3.2 Dimension of tropical varieties

Now we deal with the dimension part of Theorem [3.3.5]
We start by proving that given a X C T} and m < dim(X) there is a projection map T7% — Th
with nice behaviour and preserving the dimension of X.

Proposition 3.3.11. Fiz a subvariety X in Tj and m < dim(X). There is a monomial morphism
m: TR — T such that w(X) is closed and dim(m(X)) = dim(X).

Proof. As composition of maps with this properties have this properties we just deal with the
case n = m + 1. Let I be the ideal defining X. Consider the monomial change of coordinates
¢ T — T3 defined by ¢f(z1) = zlxl;fl,goz"(sw) = 172:65:72,..4,07(1:”) = x,. For any fixed
f € 1, taking [ large enough we have that the Laurent polynomial

ln—l ln—2

szk(f):f(xlxn » L2Ly, 7"'71'%)
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have all its monomials with different degree in x,,. As ¢} is invertible, after replacing I with ¢} (1),
we can suppose that I is generated by a set of polynomials satisfying this property. After this
the map 7 : T — T}éfl given by the projection onto the first n — 1 coordinates have the desired
properties:

e We have 7(X) = V(I Nk[zf',..., 2! ]) and the difference 7(X) \ 7(X) is contained in
the variety defined by the leading coefficients of polynomials in a set of generator of I when
viewed as polynomials in z,,. As these leading coefficients are taking to be monomials in
Z1,...,Zn—1 we conclude that 7(X) \ 7(X) = so 7(X) is closed.

e To see dim(X) = dim(7(X)) is enough to show that K[r(X)] is a finite extension of K[X],
as then they have the same trascendence degree over K. For this notice that I contains a
monic in x,, with coefficients in z1,...,z,_1 and hence z,, is integral over K[r(X)].

O

Using this we can prove the following result about zero dimensional tropical varieties.

Lemma 3.3.12. Let X be a subvariety of the algebraic torus Ty. If the tropical variety Trop(X)
s a finite set of points in R™, then X is a finite set of points in T.

Proof. Let’s do induction on n. For n = 1 every proper subvariety of T is finite and TropT}) = R
so the statement is clear.

For n > 2 we can suppose X is not a hypersurface because in that case Proposition
says that Trop(X) is not finite. As every codimension 1 subvariety of an affine variety with co-
ordinate ring UFD (in particular of a torus) is a hypersurface we can assume dim(X) < n — 2.
Now using Proposition choose a map 7w : T — T}?l with ¥V := 7(X) = n(X). Changing
coordinates we assume that 7 is the projection onto the first n — 1 coordinates. By part 2 of
Proposition above we have that Trop(Y) is finite and then by induction Y is finite. Let

={y1,...,yr} C TE . As we can assume \e,, ¢ Trop(X) for A > 0, the ideal I of X need to
contam at least one polynomlal of the form 1+ %;_, fiz!, with f; € K[x1 Yo ,xfil]. Then each
71 (y;) can have at most s elements and so X is also finite. O

Now we will use the lemma above plus the following result about commutative algebra to
finished the proove

Lemma 3.3.13. Suppose K is algebraically closed and its valution is non trivial. Let I C
K[z, ... ] be a prime ideal of dimension d and fix W with ine(I) # (1). Then iny(I)
has pure dimension d in the sense that every minimal prime ideal of it has dimension d.

Proof. We will start proving that for every homogeneous prime ideal J C Klxg,...,2,] and
w € R"*! the initial ideal iny(J) has pure dimension d. By the hypothesis over K we have
that Ty, is dense in R, thus the cell containing w in the Grébner complex ¥(J) contains a point
w’ € I'?" | and hence we can assume w € I'” . Also by Proposition the dimension of in (J)
is d and hence any minimal prime of the initial ideal has dimension at most d. We will prove the
converse now.

Asw € F\’}J ! we may use a change of coordinates given by ¢*(z;) = tWix; for all 4, and as
ing(J) = ing(¢*(J)) we can suppose w = 0. Now let {g1,...,gs} be a Grobner basis. After
multiplying by ¢ for some big ¢; we can suppose g; € R|xo,...,Z,] where R is the valution ring

of K and g; # 0 for all 3.

We consider a Noetherian subring R’ of R in which the ideal J is defined. It will be constructed
as follows. Let R be the subring of R generated by the coefficients of all the g; and let m = mg NR.
Then R’ is the localization of R with respect to m. As R’ is a localization of a finitely generated
ring it is Noetherian. We denote by K’ the fraction field of R/, by m’ = R'm the maximal ideal of
R’ and by k' = R'/m’ the subfield of k.

Let ¢ = dim(R’). By the converse of Krull’s principal ideal theorem (see [Eis95|, Corollary
10.5) there are aq,...,a. € m’ for which m’ is minimal over (aj,...,a.). Since m’ is the only
maximal ideal in R’, any other prime ideal containing (a1, ...,a.) is equal to m’. Also let J =
JNR[xg,...,x,] and J" = TN K'[x0,...,2p]. As J =J" @k K we get (K'[xo,...,zn]/J") @K
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K = Kxg,...,2s]/J @k K and then dim(K [z, ..., z,]/J) = dim(K [z, . .., z,]/J"). Moreover
dim(R'[zg, ..., xp]/J) = d+ ¢ using Theorem 13.8 in |Eis95] with Q = (zo,...,z,) + .

Now consider P a minimal prime ideal of J'+m’ inside R'[xo, ..., Z,]. As any prime containing
(a1,...,a.) contains m" we have that P is also a minimal prime for J' 4 {(a1,...,a.). Thus, the
codimension of P/J" in R'[xo,...,z,]/J’ is at most ¢, and hence the dimension of P is at least d.
This implies that all minimal primes of (J' + m’)/m’ has dimension at least d (as they are of the
form P/w’), so to conclude it’s enough to show

(JI +m’)/m’ R k = ing(J)

Each g; in the Grobner basis lies in R [z, . . ., 2, ] by construction and its image g; in k'[zo, . . . , @]
is equal to ing(g;). Hence, ing(J) C (J'+m’)/m’ @i k. For the other inclusion we just notice that
ing(f) =(f | f € I) and each f is contained in the other side. This end this part of the proof.

Now return to the hypothesis of the problem. The ideal Ip; € K[xo,. ..,y is prime of di-
mension d+ 1, so because of what we did above every minimal prime of in(g,w)(/proj) has dimension
d+ 1. By Krull’s principal ideal theorem all minimal prime ideals of in(g w)(Iproj) + (o — 1) have
dimension at least d. But in the other hand all minimal prime ideals of ingg w)(/proj) + (o — 1)
are homogeneous (because the initial ideal is homogeneous) and then contained in (zg,...,xq).
Thus, the minimal primes of in (g w)(Zproj) + (xo — 1) have dimension exactly d. Then by m we
have iny (I) = in(gw)(Iproj)|zo=1- S0, the minimal primes of iny (I) are the images of the minimal
prime over ing w)(/proj) + (2o — 1) that do not contain any monomial 1, ..., z,. Hence, they have
dimension d. O

Using this we can study the dimension of tropical varieties.

Theorem 3.3.14. Let X be an irreducible subvariety given by an ideal I C K[gclﬂtl7 oo, wEl) of

dimension d in the algebraic torus Ty . Then every I'yq-rational polyhedral complex with support
Trop(X) has pure dimension d.

Proof. As having pure dimension d only depend in the support of the polyhedral complex it’s
enough to prove that the polyhedral complex ¥ constructed in Theorem [3.3.6] has pure dimension
d.

Let’s prove first that each cell has dimension at most d. Recall from the construction of ¥ that it
is given by the cells in the Grébner complex X(I0j) contained in the set {w € R™ | iny, (I) # (1)}.
Now let w € I'}, | lying in the relative interior of a maximal cell ¢ € ¥. The affine span of o is
w + L, where L is a subspace of R”. By Lemma [3.3.10] and part 1 of Proposition [3.3.9 we may
assume that L is the span of ey,..., e, for k is the dimension of the cell 0. We need to show
that k < d. Since w lies in the relative interior of o we have iny.v(I) # (1) for all ve Z" N L
and e small enough. Lemma and Proposition imply iny (ing (7)) = iny(I) for all
v € LNZ™. Choose a set G of generators for iny (I) so that no generator is the sum of two other
polynomials in iny, (I) having fewer monomials. In particular we have in.,(f) = f for 1 <i <k, so
f= mf where m is a monomial, and z1,...,z; do not appear in f Since monomials are units in
k[xlil, ..., 1], this means that iny (1) is generated by elements not containing z1,. .., zy. Hence

rn

k < dim(ing (7)) < dim(X) = d as we wanted.

Now let’s prove that each maximal cell o in ¥ has dimension at least d. Fix w € int(o)
and suppose that dim(c) = k. By Lemma we have [starg(o)| = Trop(V (inw(I))) and as
o is a maximal cell this is the linear space parallel to o. After a change of coordinates using
part 2 of Proposition we can assuma that L is generated by eq,...,e. Since iny (iny (1)) =
inwtev(I) = ing (1) for all v € L and small € we get in, (inw(I)) = inw (1) and so the initial ideal
is homogeneous with respect to the grading given by deg(z;) = ¢; for 1 < i < k and deg(z;) =0
for i > k. Hence iny (1) is generated by Laurent polynomials using only the variables g1, ..., Zy.
In particular

dim(inw (1)) < k + dim(iny () Nk[z}} ..., z5])

n

Now let J = ing (1) N ]k[xfil, ..,z H. If we have Trop(V(J)) = {0} we are done because by

Lemma [3.3.12 then V(J) is finite and so dim(itw(I)) < k but then by Lemma [3.3.13| we known
that dim(iny (1)) = d and hence k = dim(o) > d. O
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3.3.3 Transversal Intersection of Tropical Varieties

We finished this section by studying a result related to transverse intersection of tropical varieties
will take an important role in the proof of the balancing condition in the next section.

Definition 3.3.15. Let X7 and 33 be two polyhedral complexes in R” and w € |X1|N|X2|. As the
relative interior of the cells partition the polyhedron complex we have that w is in the interior of a
unique cell o; in ¥; for ¢ = 1,2. The complexes 1 and Xg intersect transversaly at w if the affine
span of o and the affine spane of oy generate R™ as affine spaces. Two tropical varieties Trop(z)
and Trop(Y') intersect transversaly at w if for some choice X1, X5 of Polyhedral complex structures
such that Trop(z) = [21]| and Trop(Y) = |Xs| we have that ¥; and 35 intersect transversaly at

w. /

The result we want to prove will use the following lemma.

Lemma 3.3.16. Let I, J be homogeneous ideals in K[zo,...,Tn,Y0,---,Ym| and fix w € RPTm+2,
If inw(I) has a generating set only involving xo,..., T, and inw(J) has a generating set only
inwvolving Yo, - - ., Ym then

iy (I + J) = iny, (I) + inw (J)

Proof. The inclusion D is obvious so by contradiction if the equality does not happen then we
can find some homogeneous polynomial f + g in I + J of degree d with f € I;, g € Jyg and
inw(f +9) ¢ inw(I) + inw(J). Now fix a monomial order < in k[zo,...,Zn, Yo, - -, Yn] such that
ing(inw(f 4+ 9)) ¢ in<(ing (1) + inw(7)). In particular

in(inw (f + 9)) ¢ in<(inw (1)) + in< (inw (1)) (3.7)

Let z*1y"* and z"2y"2 be the monomials in in.(inw(f)) and in<(iny(g)) and call ag,as € K the
coefficients of these monomials in f and g respectively. From we get x¥y¥t = z¥2yuy (i.e,
u; = ug and v = v2) and val(ay + @) > val(ay) = val(as).

We assume that this counterexample is maximal in the following sense: if f/ € Iy, ¢’ € Jy is any
other pair with f+g = f'+¢’, then either Trop(f’)(w) < Trop(f)(w) or Trop(f’)(w) = Trop(f)(w)
and ing(inw (f)) > in<(ing (f)). But first we must prove that such a maximal pair need to ex-
ist. For this suppose there were no such pair, then we could find a sequence f; = f + h; € I,
gi =g —h; € J with f; + g; = f + g for all ¢ and Trop(f;)(w) strictly increasing. The strictly
increasing part is because if Trop(f;)(w) = Trop(f;+1)(w) then the sequence must stop because
there are only finitely many candidates for the monomial in (iny (f7)).

By passing to a subsequence we may assume that the support of each f; (the set of monomials
appearing in f;) is the same. Since supp(f; + h;) = supp(f + hiy1), there are o, 8 € K* for
which a(f + h;) + B(f + hiv1) = (a+ B)f + (ah; + Bhi+1) has strictly smaller support. Since
f+h; # f+h;41 we may assume that one of the monomials removed from supp(f+h;) in this man-
ner has different coefficients in h; and h;41, and thus a4 # 0. Note that for any two polynomials
p1,p2 we have Trop(p; + p2)(w) > min(Trop(p;)(w), Trop(p2)(w)). Since f; — f=g—g € INJ
for all ¢ the resulting polynomial h} = (ah;41 + Bh;)/(a+B) is alsoin INJ, so f/ = f+h' liesin I
and has Trop(f!)(w) > Trop(f;)(w) and supp(f/) € supp(f;). By passing to another subsequence
we may assume that the sequence Trop(f + hf)(w) is again increasing. contuining to iterate this
procedure would eventually yield the support of the new f; being empty which is impossible since
€w (fi + gi) # inw(J). This shows that the infinite increasing sequence does not exist, so we may
assume that the pair f, g is maximal in the required sence.

Now f € I implies that £"1y¥* € inL(ing(])), so there is f1 € I with iny(f1) € k[zo, ..., z4],
and in (ing (f1)) = %8 dividing "*. We may assume that the coefficient of "¢ in f; is one so we
can write f = ™~ "3yV1 f; + fo where Trop(fa2)(w) > Trop(f)(w), and if equality holds, then

in< (inw(f2)) < in(inw (f)). Similarly, g = apa™y"* =2 gy + go where Trop(gz)(w) = Trop(g)(w),
and if equality holds, then in.(iny(g2)) < in<(iny(g)). Since val(a; + az) > val(a;) = val(as),
we can write ag = a1(—1+ 5) with val(8) > 0. Then

f+g _ alxul—U3yv1f1 +f2 _’_0523,:111yV1—vag1 + g0
= o™ Ty TV (Y fy — 2" gy + B g1) + fo + g2

=apzM Ty TV (— (g1 — YY) i + (fi —2™) g + B g1) + fo+ g2
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Setting
=™y Ve (g1 — yV) fi) + fa
g = arz™ TRy TV ((fL —2™) gy + B 1) + go

then by construction f' € I, ¢’ € J, and f' + ¢ = f+ ¢g. In addition, either Trop(f’)(w) >
Trop(f)(w) or ins(ing (f')) < in<(ing (f)). This contradicts the maximality of our counterexam-
ple, so we conclude that none exists and hence iny (I + J) = ing (1) + inw (J). O

Theorem 3.3.17. Let X andY be subvarieties of Tj:. If Trop(X) and Trop(Y') meet transversaly
atw e€TI? . then w € Trop(X NY). Therefore

val?
Trop(X NY) = Trop(X) N Trop(Y)
if the intersection is transversal everywhere.

Proof. Let ¥, 3o be polyhedral complexes in R with support Trop(X) and Trop(Y") respectively
and let I and J be the ideals defining X and Y. Let o; € ¥; be the cell containing w in its relative
interior for ¢ = 1,2. Our hypothesis says that if the affine span of o; is w 4+ L; then Ly + Ly = R™.

We can reduce to the case in which L; containsey,...,e,,€ér41,...,esand Ly contains ey, ..., e,
€s41,---5,6n. To see this notice that as L; + Ly = R there is a basis a1,...,a, € R™ such that
a1,...ar € LyN Lo, apy1,...,as € L and agy1,...,a, € Lo and all a; € Z™. If we put this vectors

as rows of an n X n matrix A and let ¢ : T™ — T™ be the monomial map given by p(z;) = x*
then Trop(¢p) is given by AT and it is an isomorphism as A has full rank (even though ¢(A) is not
an isomorphism unless |det(A4)| = 1). Let I' =" varphi*(I), J' =" varphi*(J), X' = V(I') and
Y’ =V (J'). Then ¢(X’) = X and ¢(Y’) =Y. By part 2 of Proposition we have

Trop(X) = Trop(¢)(Trop(X"))
Trop(Y) = Trop(p)(Trop(Y"))
Trop(X NY) = Trop(y)(Trop(X' NY"))

By construction we have

TrOp(‘P) (Span(eT+l7 ey es)) g Ll
Trop(ap)(span(esﬂ, BERE) en)) C Ly
Trop(p)(span(es,...,e.)) € LiN Ly

and Trop(X’) and Trop(Y”) intersect transversely at Trop(¢)~'(w). So we have reduced the
problem to show Trop(p)(w) € Trop(X'NY”). Replacing X and ¥ with X’ and Y’ we can assume
what we wanted over Ly, Ls.

As w € int(o;) we have for every v € Ly that w + ev € o for small e. Hence inyev(I) =
iny (inw (1)) = inw (1) and we get that iny (I) is homogeneous with respect to a graduation given
by degx; =e¢; fori e {1,...,r,r+1,...,s} and degx; = 0 for other i. Then we can find polyno-
mials fi1,..., fi in the variables x4y1,...,x, that generate iny (I). Similarly there are generators
g1, -, gm for ing(J) depending only in the variables @41, ..., z,. Let Ipo; € K(zo,...,Zn41] be
the ideal obtained by homogenizing I N K|[x1,...,z,] using the variable x,41, and let Jp,0; be the
ideal obtained by homogenizing J N K[x1, ..., x,]| using the variable x.

For w = (0,w,0) € R"*? the initial ideal inw(Iproj) has a generating set only using x, ..., Tp41
and inW(Jproj) has a generating set only using xg,Z,11,...,2s. Thus by Lemma [3.3.16| we have
inw(Iproj + Jproj) = insw(Iproj) + inw(Jproj) and by Proposition [3.2.17]if we set ¢ = xp41 = 1 we
get

ing (I 4+ J) =inw(I) + ing (J)
since inyw (/) and iny (J) are proper ideals, by the Nullstellenatz there exist y = (yr41,...,¥s) €
(k*)*~" and z = (2s41,...,2n) € (k*)"7% with fi(y) = g;(z) = 0 for all 4,j. Now, for any
(t1,...,tr) € (k*)", the vector (t1,...,tr, Yrt1y-- s Yss Zs+1s - - -5 2n) lies in the variety V(iny (1)) N
V(inw (J)) = V(ing (I +J)). We conclude that iny (I 4+ .J) # (1), and hence w € Trop(V (I +J)) =
Trop(X NY). O
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3.4 Weights of Cells and Balancing Condition

In this section we introduce weights for the maximal cells of an arbitrary tropical variety. We show
that this weights coincide with the lattice length of the the dual edges used for tropical hypersur-
faces and then we prove the balancing condition for arbitrary tropical varieties.

Along this section we use the notation Sx = K[zi', ...,z and Sy = k[zE', ... zE!] for the
rings of polynomial en n variables.
Let us start by recalling some concepts from commutative algebra.

Every ideal I in a Noetherian ring S has a primary decomposition, i.e, can be written as

[=Qin---NQ

where each (); is primary and no term in the intersection can be remove. This primary decomposi-
tion is not unique in general but each prime ideal \/Q; is independent of the primary decomposition.
The 1/Q; are called the associated primes of I and the set of all these is denoted by Ass(I). We
also have the set Ass™™(I) of minimal elements of Ass(I), this set can also be seen as the set of
minimal prime ideals containing I.

In this context, the multiplicity of a minimal prime P; € Assmin(I ) is the number
mult(P;, I) := length(A/Q;) p, = length((I : B°)/I)p,
where length(-) is the length of a Sp,-module and
(I:P>®):={feS|3ImeNsuchthat f-M" C I}
Using this we can introduce the weight of cells.

Definition 3.4.1. Let I be an ideal of K[mlﬂ, ...,xF' and let ¥ a polyhedral complex with

) n

support |X| = Trop(V (I)) such that iny, (I) is constant for w € int(c) Vo € ¥ (see Remark [3.3.7).
For a top dimensional cell o € ¥ we defined its multiplicity as

mult(o) = Z mult(P, iny (1))

PeAss™in (ing (1))
for any w € relint(o) /
This definition coincide with the one we saw for hypersurfaces in the first section.

Proposition 3.4.2. Let f = Y c,z® € K[zF, ... 25, A the general subdivision of Newt(f)
induced by (val(cy)) and X the dual polyhedral complex supported on Trop(V(f)). Given any

maximal cell o € 3, the multiplicity mult(o) defined above is the lattice length of the edge e(c) of
A dual to o.

Proof. Fix w in the relative interior of o. We have iny ((f)) = (inw (f)) and iny (f) = Y t—vallcu) ¢, ™
where the sum goes over those u € e(o) with val(cy) + w - u = Trop(f)(w). As e(o) is a seg-
ment we can take v and u such that the exponent of every monomial in iny (f) is of the form
u + kv and hence iny(f) is a Laurent polynomial in the variable y = zV times a monomial in
X1y ..., %n. After multiplying by a monomial we can assume that iny (f) is a (non-Laurent) poly-
nomial ¢ in y with nonzero constant term and degree the lattice length of the edge e(o). Hence if
g=@Wy—c)* - (y—c )% we have

mult(c) = Z mult(P, (g))

PeAss™in(iny, (1))

= Zmult((y —ci) ((y—c)® - (y—¢)))
:Zai =degyg

and we conclude that the multiplicity of o is the lattice length of e(o). O

As the general definition of multiplicity is a bit involved we sometimes use the following propo-
sition for understanding it rather than the definition itself.
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Y be a polyhedral complex on Trop(X) as in Remark . Let o0 € X with affine span parallel to
€1,...,¢eq, and let w € int(o) NT2 . If S = [xﬂl, ooyt then mult(o) = dimyk(S /(inw (1) N
SN).

Proof. Since w € int(o) by Corollary we have ingwiee, (I) = ing () for small € and then
the initial ideal iny (I) is homogeneous with respect to the grading deg(x;) = e; for i < d and
deg(z;) = 0 for ¢ > d. Hence iny (I) has a generating set {f1,..., f-} not containing the variables
T1,...,2q. Let ();_; Q; be a primary decomposition of iny (). Each @Q; can be taken homogeneous
with respect to the same grading and so they are also generated by polynomials in the variables
Tqi1,---,%n. Hence it’s easy to see that iny (I) NS =N7_;(Q; N S’) is a primary decomposition
for the zero dimensional ideal ing (1) NS’ and mult(P;, Q;) = mult(P; N S",Q; NS’). Hence each
P; is a minimal prime of iny (/) and we have

Lemma 3.4.3. Let X C T}? be irreducible of dzmenszon d with ideal I C K[z, ..., zEY), and let

mult(o Zmult P, Qi)

S dim (8/(@: 1 S)

i=1

= dimy S’ /(inw (1) N S")

O

The hypothesis over the affine spane of ¢ is not so restrictive as any cell can be put in such a
position after a monomial change of coordinates in the torus.

Now we prepare the ground for the proof of the balancing condition. We will reduce the proof
to the case of constant coefficient curves. For this we will use results about zero dimensional ideals.

We use the notation S = K[zy,...,r,] and Sk = K|z, ..., x,] with similar notations for S
and S]k.
Proposition 3.4.4. Let I = ﬂ Qy C K[zl s, Y] where each Q, is primary and \/Q, =
P, =(x1—1,.. — Yn). Then

1. For w € Trop(V(I)) let

AR

y:val(y)=w

Then the multiplicity of the point w is equal to dimg Sk /Iy,

2. Assume further that all y € V(I) C Ty have the same tropicalization val(y) = w € T,
Then

dimy Sk /i (1 Z mult( Py, Qy) = dimg Sk /I

Proof. From commutative algebra we know that any zero dimensional ideal I satisfies

dimg Sgc/I = Y mult(P,,Q,)

yev ()

where the I = ﬂy @y is a primary decomposition and Py, = rad(Q,). Also dimg Sx/I =
dimK(S‘K /Iproj)a for d >> 0 where Ip,,.; is the homogenization of I. As these facts also hold

for k and as using Proposition 0| we have dimg (SK/ Ioroj)d = dimk(gk/in(o’w)(Ipro_j))d then in
order to prove dimg Sk /I = dlmk Sk/ing (I) it is enough to show

in(o’w) (Iproj)d = (inw(I)proj)d ford >>0

The inclusion C follows from Proposition since J C (J|zo=|)proj for any homogeneous
ideal J C Kk[zo,...,x,]). For the other inclusion note that the same Proposition implies
that inw (I)proj = (in(0,w)(Iproj) : [[j— #i)- Saturating by the irrelevant ideal (xo,...,z,) does
not change (in(,w)(Zproj))a for d >> 0 and this saturation has only one-dimensional associated
primes. These associated primes have the form Py = (yjz; — yjz; [ 0 < i < j < n) for some
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Y = (ot yp) € P Write (ino,w)(Iproj) * (Zos- -+, 2n)>) =, @y where @, is primary
with radical P,,. Now

(N II==) =N@w IIex = N Qv

y’ Y ixy ¢Py/
so it suffices to show that x; ¢ P,/ for all ¢ and all @Q,.

Since each primary component @, of I is Py-primary, it contains (x; — ;)% for some d >> 0.
The product Hy(ml — y;z0)? is thus in Iwoj for d >> 0, and so since val(y) = w for all y, we
have [, (2; — Jiz0)? € ing w)(Iproj), where §; = t~Wiy;. This shows that z; ¢ P, for all y and
0 < ¢ < n. Indeed, for each i the porduct Hy(acz — §img)? € in(o,w) (Iproj), s0 for each y' there is g;
with z; — g;z0 € Py. If x; € Py for some 4, then z; € Py for 0 < j < n, since each g; is nonzero
as y; # 0. This contradicts the fact that y’ € P™, so we conclude that the first claim holds.

For the second part, we claim that iny (/) = iny (I). The inclusion C is immediate from I C I,.
For the other inclusion note that for any y with val(y) # w we have w # Trop(Q,), so there is
fy € Qy with 1 = iny (f)- Given f € I, we then hae g = f [[ 410,y 2w fy € I With inw(g) = inw(f)-
This gives the other inclusion. The result now follows from the first part using the interpretation
of the multiplicity of Lemma [3.4:3] O

Now we proof the case of constant coefficient curves, i.e, curves defined over a field with a
trivial valuation.

Proposition 3.4.5. If C is a curve in T, then the one dimensional fan Trop(C) is balanced.

Proof. Let uy, ..., us denote the first lattice points on the rays of Trop(C'), let m; = mult(cone(u;))
and set v =), u;. We will prove that v = 0 by proving that for any w = (wy,...,w,) € Z"
primitive we have w-v = 0. By Lemma [3.3.10] there is a change of coordinate sending w to e; and
by part 1 of Proposition [3.3.9 this change of coordinates doesn’t change the multiplicities. Hence
it is enough to consider w = e; and then the objective is to prove vi =0

Let I = k[zF!, ..., 2] be the ideal of C, K’ the algebraic closure of k(t) and I’ the extension of
Ito K'[z!, ..., xF']. Also denote Cg: C T, for the variety of I'. Note that as k is algebraically

rn

closed, K’ has residue field k and also that by Remark we have Trop(C) = Trop(Ck).

Given o € K'* consider the ideal J, = I’ + (1 — «). There exists L € N and a finite subset
D C K™ such that dimg(Sk//J,) = L for all a € K™\ D. To see this we use the classical
Grobner basis with respect to any monomial order < in K|[zo,. .., z,]: The initial ideal of (J,)pro;
is constant outside a finite set D because x1 — « cannot be a zerodivisor on Sk /I’ for infinitely
many « and the number L is equal to the degree of the Hilbert polynomial of this inital ideal.

Choose ay, as € K™*\D with val(a;) = 1 and val(ag) = —1. Let X* =V (I'+(z1—a1)) C TR,
and X~ =V (I' + (r1 — ag)) € T},. The desired identity vi = 0 will be obtained by computing L
tropically.

Set 81 =t~la; € k* and B = tlas € k*. From |3.3.16| we can conclude
ing (I’ + (x1 — 1)) = inw(I’') + (z1 — B1) # (1) for w € Trop(X ™)

ing(I' + (1 — a2)) = ing(I") + (x1 — B2) # (1) for w € Trop(X ")

We now focus on 1. Let H = Trop(V(z; — 1)) = {w € R* | w; = 1}. We claim that
Trop(X ™) = Trop(C) N H. Indeed, for any w € Trop(C) N H the cone of Trop(C') contain-
ing w in its relative interior is cone(w), so Trop(C) intersects H transversaly at w. Since w
was an arbitrary intersection point, the claim follows from Theorem We now decompose
I' + (x1 — a3) as ﬂy Qy, where @, is Py-primary for y € T},. The y appearing here are precisely
the points of X*. Let X} = {y € XT | val(y) = w}. Note that for w € Trop(X™), we have
inw(Nyex+ @y) = w(,exs @y)- The inclusion C is easy, now for the other inclusion note
that for all y € X+ \ X, there is f, € Q, with iny(f,) = 1. For any g € Nyexz Qy, We set
9" = Il ex+\ xz to get inw(g) = inw(g’). Combined with the first of the above equations, this
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gives inw (e xt @y) = inw (') + (z1 — A1)

Now using proposition we have

dimp: S/ | () @y | = Y mult(Qy, P,) = dimy (S /inw (1) + (z1 — B1))

yEXS yeXS

And summing these identities over all w € Trop(X ™), we find

L= Z mult(Qy, Py) = Z dimy (Si/(inw (I') + (z1 — B1)))

yeX+ weTrop(X+)

The same identities hold for X~ and f.

Let uy be the first lattice point on the ray cone(w) of Trop(C). Then A = (uyw); satisfies
Uy = AW because wi = 1. We now claim that

A - mult(cone(w)) = dimg(Sk/(inw (1) + (1 — 1)) (3.8)

This would imply

L= Z mult(cone(w)) - (uw)1 = Z m; - ()1

weTrop(X+) i (u;)1>0

and similarly L =), —m; - (u;) so we have

i: (u;)1>0
u; = Z mi(ui)l— Z my; - z =L-L=0
i: (u;)1>0 i: (u;)1<0

Thus it remains to prove equation (3.8)). For this we consider a change of coordinates taking
71 to 2%, and thus w to A~ le;. Then becomes A - mult(cone(w)) = dimy (Sk/(iny-1, (1) +
(x"w —pB1))). The initial ideal iny-1,, (I") has a generating set that does not contain z;. Since V' (I’)
is a curve by Lemma the initial ideal is one dimensional, so for each 2 < i < n it contains a
polynomial in k[x;] with constant term one. After dividing by z;, we obtain a:i_l —p} €iny-1,, (I')
for some p} € k[z;]. Now (33““’ —B1) = (&} — Biz™), where u) = 0 and v} = —(uy); for 2<i<n
this implies iny-1,, (I') + (z™ — f1) = inA 1o, (I') + (z3 — f) for some f € k[za,...,z,]. We
next use the fact that dimy k[zi',..., 25/ J = dimyKk[zy,...,x,]/Jag for any zero-dimensional
Laurent ideal J. Fix the lexicographic term order z; = z3 = -+ > x, on k[z1,...,2,]. By
Bucherger’s criterion, the initial ideal of (iny-1,, (I') + (27 — f))ag is generated by x7 and the
monomial generators of 1nlex((1n/\ 1e,(I'))ar). The right-hand side of equation is A\ times the
k-dimension of k[z3', ..., 1] /iny-1., (I'). But, that last k-dimension equals the multiplicity of

cone(w) by Lemma [3.4.3] O

With this we can conclude our result.

Theorem 3.4.6 (Balancing condition). Let I be an ideal in K[zE',... x| such that V(I) is

of pure dimension d. If ¥ is a polyhedral complex with support Trop(V(I)) such that iny (I) is
constant for w in the relative interior of each cell in . Then % is balanced with the weights

defined at[3.7.1}

Proof. Finding a primary decomposition for v/I we get v/T = () P; were each prime P; has dimen-
sion d. Then Trop(V(I)) = |JTrop(V(F;)) and by Theorem [3.3.14] it is a Trop(V(I)) has pure

dimension.

Fix a (d — 1)-dimensional cell 7 € ¥ then by Lemma and by part 1 of proposition m
after a change of coordinates, the affine span of 7 is a translate of the span of e1,...,eq_1. Fix
w € int(7). As in,(ing(I)) = inw(I) for 1 < i < d we have that iny (/) is homogeneous with
respect to the Z?~! grading given by deg(x;) = e; for 1 < i < d, and deg(z;) = 0 for i > d. This

implies that iny (1) has a generating set in which z1,...,z4-1 do not appear.
Let J = iny, Nklz3!, ... ). By Lemmamthe tropical variety Trop(V (in, (I))) is the star
of 7 in ¥ which has lineality space spanned by ey, ..., eq—1. Since iny(iny (1)) Nk ﬂcfitl, B =
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ing(J) for v the projection of v onto the last n — d + 1 coordinates. As Trop(V(I)) has pure
dimension d we have that Trop(V(J)) is one dimensional.

Let Pi,..., P. be the minimal associated primes of J. Then V(J) = |JV(F;) so
Trop(V(J)) = cl(val(y) | y € V() = | J cl(val(y) | y € V(P;)) = | Trop(V(P))
i=1 i=1

By theorem [3.3.14] we have dim(P;) < 1 and at least one index i satisfies dim(P;) = 1. Thus
dim(V(J)) = 1.

Suppose v € Q" satisfies w+ev € ¢ for all sufficiently small € > 0, where ¢ is a maximal cell of
¥ that has 7 as a facet. The equality iny (inw (1)) = Trop(V(J)) together with Lemma imply
that the multiplicity of the cone cone(v) in Trop(V'(J)) is equal to the multiplicity of oinTrop(X).
Thus, showing that ¥ is balanced at 7 is exactly the same as showing that Trop(V'(J)) is balanced
at 0. But this follows from Proposition above. O
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Appendix A

Overview on Polyhedral Geometry

Here we collect the notions from polyhedral geometry that are needed along this document. We
will refer to [Zie95] for the proofs.

A polyhedron P C R™ is a intersection of finitely many closed half-spaces

P={velR"|(v,x;) >r; Vi=1,...,k} (A1)

as intersection of convex sets is convex any polyhedron is a convex set.

Let ' be an additive subgroup of R. Then the polyhedron P in (A.1)) is said to be I-rational
if each x; can be taken defined over Q and each r; can be taken in T

When P is bounded we say that it is a polytope. We can described polytopes in an alternative
way.

Proposition A.1. For a subset P C R™ the following are equivalent:

e P is a polytope.
o There are vy,...,vr € R™ such that

P =conv(vy,...,vg)
::{)\1U1+---+)\kvk e R"” | i ERZ() and M\ + -+ X\ = ].}

Proof. See section 1.1 in [Zie95)]. O

Given y € (R™)* we define the face of the polyhedron P determined by y as
face, (o) ={vea| (v,y) <(w,y) Yw e o}

when this set is non empty. In other words, the set of all elements of o in which y attains its
minimum. Notice that this set do can be empty if P is unbounded and ¥ is not bounded there. A
face of P that is not contained in any larger proper face is called facet.

The dimension of P is the dimension of its affine span and the relative interior of P denoted

by int(P) is its interior computed inside its affine span. The linear space parallel to P is the
translation of the affine span of P to the origin.

Definition A.2. A polyhedral complex is a collection ¥ of polyhedra satisfying two conditions:

e If P isin ¥ then so is any face of P.

e If P and @ are in ¥ then PN Q is either empty or a face of both P and Q.

/
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The element of ¥ are called cells and the maximal cells are called facets. If every facet has
dimension d then ¥ is called of pure dimension d. The support of ¥ is the set [X| = (Jpcy, P. The
k-skeleton of ¥ is the polyhedral complex consisting of all cells o € 3 with dim(o) < k.

Now we introduce polyhedral cones, for this we need the following result

Proposition A.3. For a subset 0 C R™ the following conditions are equivalent:

e There are linear functionals x1, ...,xy € (R™)* defined over Z such that

oc={veR"|(v,a;) >0 V1 <i<k}

e There are vectors vy, ...,vp € Z™ such that

0’={x\11}1+-'~+)\k1}k eER™| N c Ry VlSZSk}
Proof. See section 1.1 in [Zie95]. O

If any of this conditions is satisfied we say that o is a convex rational polyhedral cone in R™ or
simple a cone if there is no risk of confusion. In the case of the second condition we will write

o = cone(vy, ..., V)
Now given a cone o we define its dual cone by
oV ={reR")" | (v,r) >0 Vv o}

If 0 = cone(vy,...,vx) then we have oV = {z € (R")* | (v;,z) > 0 V1 < i < k} and by
Proposition we see that oV is a rational polyhedral cone in (R™)* and (¢V)" = o.

As cones are particular cases of polyhedrons we have the definition of dimension, face, facet
and relative interior of a cone.

A cone 0 C R"™ is of maximal dimension if it is not contained in any proper subspace of R". In
the other hand, a cone is said to be strictly convez if it does not contain any non trivial subspace
of R™. As

VCo < VDoV

\

we see that o is strictly convex if and only if 0¥ is of maximal dimension.

Given y € (R™)* we have

face, (o) is not empty <=y attains its minimum in o
<= y is non-negative over o
= yco’

So faces of o are given exactly by
face, (o) ={ve o] (v,y) =0}
for y an element of the dual. If we now generators for the dual cone finding the faces is easier.

Proposition A.4. If o = {v € (R")* | (v,x;) >0 Vi=1,...,k}, i.e, ¢V = cone(x1,...,zx).
Then all the faces of o are of the form

T={veo|(v,x;) >0 Viel}
for some I C{1,...,k}.
Given a cone 0 C R™ we define its orthogonal vector space as
ot ={r e R")"|(v,z) =0 Yveco}

Using this we can state

73



Proposition A.5. There is an order reversing correspondence between faces of o and faces of o+
in which the face 7 C o correspond to the face oV N T.

Proof. See [?]. O
A cone o is called simplicial if it is of the form o = cone(vy, ..., vx) for some linearly indepen-
dent vectors vy, ..., v,.
A cone o is called smooth if it is of the form ¢ = cone(vy,...,v;) for some integral vec-
tors that can be extended to an integral basis {v1,..., vk, Vgt1,...,0,} of the lattice Z™, i.e,

det(vy,...,v,) = £1.

Now we introduce the analogue of a polyhedral complex for cones.

Definition A.6. A fan is a finite collection X of strictly convex rational polyhedral cones in R"
such that:

e If Tisaface of c and o0 € ¥ then 7 € X.

e For all 0,7 € ¥ we have that o N7 is a face of both ¢ and 7

/

As every fan is also a polyhedral complex we have the notions of facet, pure dimension, support
and k-skeleton for fans. We say that a fan is smooth (resp. simplicial) if each one of its cones is
smooth (resp. simplicial) and it is complete if its support is the whole R™.

Now we introduce two diferent kind of fans contructed from polyhedra.

Definition A.7. Given a polyhedron P C R" the normal fan of P is the fan Np in (R™)* given
by the cones
Np(F) =cl(w € (R")* | face,(P) = F)
where cl(-) denotes the topological closure in (R™)*. Here Np(F) is exactly the inner normal
cone of the face F'. /

Definition A.8. Given a polyhedral complex ¥ in R™ and a cell P € ¥ we define the star of P
in ¥, denoted by stars(P), as the fan in R™ consisting of all the cones

o9 = {Mz—-y)|A>0,z2€Q, yc P}

for each ) € ¥ containing P as a face. Visually og is the union of all rays with origin a point of
P and looking in the direction of a point in Q. If P is a maximal cell then stary(P) is the affine
span of P. /

We end this chapter by describing the concept of reqular subdivision of a polytope.

Definition A.9. Let P = conv(vy,...,v,) be a polytope in R" and fix a weight vector w =
(wi,...,w.) € R". The regular subdivision of P induced by w is a polyhedral complex with
support P defined in the following way.

Define u; = (v;,1) € R"™! and identify conv(uy,...,u,) with P. Now the polytopes on the
polyhedral complex are conv{u; | i € I} for the subsets I C {1,...,7r} such that there exists
c € R"*! with

c-u;=w;fori € Tand c-u; < w; fori ¢ I

/

The regular subdivision also has the following geometric description. In the context of the
definition above consider the polyhedra

P, = cone{(v;,7) | r > w; and 1 < i <r} C R
then the polytopes in the regular subdivision are the projection of the bounded faces of P, to the

plane R™ x {1}.

To check this fix a face F' = cone{(v;,w;) | i € I} of P, and take a vector (¢,1) such that
face(.,1)(Py) = F. Then we have that there is co such that (c,1) - (v;,w;) > 0 for all 7 with
equality exactly when ¢ € o and the projection of the face to the plane R™ x {1} is exactly
cone{(v;, 1) | u € I}.
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